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Preface 


Although mathematical olympiad competitions are carried out by solving prob- 
lems, the system of Mathematical Olympiads and the related training courses can- 
not involve only the techniques of solving mathematical problems. Strictly speak- 
ing, itis a system of mathematical advancing education. To guide students who are 
interested in mathematics and have the potential to enter the world of Olympiad 
mathematics, so that their mathematical ability can be promoted efficiently and 
comprehensively, it is important to improve their mathematical thinking and tech- 
nical ability in solving mathematical problems. 

An excellent student should be able to think flexibly and rigorously. Here the 
ability to do formal logic reasoning is an important basic component. However, it 
is not the main one. Mathematical thinking also includes other key aspects, like 
starting from intuition and entering the essence of the subject, through prediction, 
induction, imagination, construction, design and their creative abilities. Moreover, 
the ability to convert concrete to the abstract and vice versa is necessary. 

Technical ability in solving mathematical problems does not only involve pro- 
ducing accurate and skilled computations and proofs, the standard methods avail- 
able, but also the more unconventional, creative techniques. 

It is clear that the usual syllabus in mathematical educations cannot satisfy 
the above requirements, hence the mathematical olympiad training books must be 
self-contained basically. 


The book is based on the lecture notes used by the editor in the last 15 years for 
Olympiad training courses in several schools in Singapore, like Victoria Junior 
College, Hwa Chong Institution, Nanyang Girls High School and Dunman High 
School. Its scope and depth significantly exceeds that of the usual syllabus, and 
introduces many concepts and methods of modern mathematics. 

The core of each lecture are the concepts, theories and methods of solving 
mathematical problems. Examples are then used to explain and enrich the lectures, 
and indicate their applications. And from that, a number of questions are included 
for the reader to try. Detailed solutions are provided in the book. 

The examples given are not very complicated so that the readers can under- 
stand them more easily. However, the practice questions include many from actual 
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competitions which students can use to test themselves. These are taken from a 
range of countries, e.g. China, Russia, the USA and Singapore. In particular, there 
are many questions from China for those who wish to better understand mathe- 
matical Olympiads there. The questions are divided into two parts. Those in Part 
A are for students to practise, while those in Part B test students' ability to apply 
their knowledge in solving real competition questions. 

Each volume can be used for training courses of several weeks with a few 
hours per week. The test questions are not considered part of the lectures, since 
students can complete them on their own. 
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Abbreviations and Notations 


Abbreviations 


AHSME 
AIME 
APMO 
ASUMO 


AUSTRALIA 
BMO 
CHNMO 
CHNMOL 


CHINA 


CMO 
HUNGARY 
IMO 
JAPAN 
KIEV 
MOSCOW 
NORTH EUROPE 
RUSMO 
SSSMO 
SMO 
SSSMO(J) 


UKJMO 
USAMO 


American High School Mathematics Examination 
American Invitational Mathematics Examination 
Asia Pacific Mathematics Olympiad 


Olympics Mathematical Competitions of АП 
the Soviet Union 


Australia Mathematical Competitions 
British Mathematical Olympiad 
China Mathematical Olympiad 


China Mathematical Competition for Secondary 
Schools 


China Mathematical Competitions for Secondary 
Schools except for CHNMOL 


Canada Mathematical Olympiad 

Hungary Mathematical Competition 

International Mathematical Olympiad 

Japan Mathematical Olympiad 

Kiev Mathematical Olympiad 

Moscow Mathematical Olympiad 

North Europe Mathematical Olympiad 

All-Russia Olympics Mathematical Competitions 
Singapore Secondary Schools Mathematical Olympiads 
Singapore Mathematical Olympiads 


Singapore Secondary Schools Mathematical Olympiads 
for Junior Section 


United Kingdom Junior Mathematical Olympiad 
United States of American Mathematical Olympiad 


Abbreviations and Notations 


Notations for Numbers, Sets and Logic Relations 


N 
No 


the set of positive integers (natural numbers) 

the set of non-negative integers 

the set of integers 

the set of positive integers 

the set of rational numbers 

the set of positive rational numbers 

the set of non-negative rational numbers 

the set of real numbers 

the closed interval, i.e. all x such that a € x < b 
the open interval, i.e. all x such that a < x < b 
iff, if and only if 

implies 

A is a subset of B 

the set formed by all the elements in A but not in B 
the union of the sets A and B 

the intersection of the sets А and В 


the element a belongs to the set А 
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Lecture 1 


Operations on Rational Numbers 


Basic Rules on Addition, Subtraction, Multiplication, Division 


Commutative Law: a+b=b+a ab=ba 
Associative Law: a+b+c=a+(b+c) (ab)c = a(bc) 
Distributive Law: ac 4- bc = (a+ b)c = c(a + b) 


Rule for Removing Brackets 

For any rational numbers z, y, 

O =+(0) ==+у, zt(-)-z-y 

Gi) z—(y9z-»zr-(-y)rty 

Gi) zx(-y)—--zw (-zx)xy-—-zy (—-2) x (-y) = cy; 
(—1)* = —1 for odd n, (—1)” = 1 for even n. 

(iv)  Ifthe denominators of the following expressions are all not zeros, 
then 


=y y y y =y 


. Ingenious Ways for Calculating 


e Make a telescopic sum by using the following expressions: 
1 1 1 
k(k--1 k k+’ 


1 1/1 1 
(5 oa) 

1 `1 1 1 
k(k--1)k--2) 2 k(k-1) (k--1)(k-2) 


* By use of the following formulae: 


(a + Б)? = a? + 2ab + 0; 
a? — b? = (a — b)(a + b); 

3 63 = (а + b) (a? — ab + b°); 
a? — b? = (a — b) (a? + ab + ?), etc. 


1 
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Examples 


jx ing 
Example 1. Evaluate (—5)? x ( =) 2° + ( 5) [5177 
1\3 nu 
Solution (—5)? «( =) 2° + ( z) (—1)19%9 


= 5 x ( ux) Bun (—1) 


1 1 
5 8x4+ 5 3 sly 


Example 2. There are five operational expressions below: 


(i) хавх (5454347) 


gs pm 
Gi) (—0.125)7- 88; 
Gii) (—11) (83) — (—55) — (66) — (—77) — (588): 


2 2 
&» (32) e). 
13 13 
4 4 16 246 
+ ( =) x ( 5) x d x (9210 - 0.000) 
Then the expression with maximal value is 


(б),  (B)ü) (Са), (0) (у). 


Solution 


D. cds d 

i) (2x3x5x7 
O (2x3x (3 +++) 

= 105 + 70 + 42 + 30 = 247; 
(ii) (—0.125)/.85 = —(0.125 x 8)” x 8 = —8; 
Gii) (—11) + (—33) — (—55) — (—66) — (—77) — (—88) 

= —11 — 33 + 55 + 66 + 77 +88 = 11 х 22 = 242; 
| 75 37 5 

=) += 3? = 45; 
(iv) (- d (55) « 6*4 
6 4 4 16 246 

(v) ( T «( 3E g x (02:5 — 0.666) 

< 1x 10 = 10; 


Thus, the answer is (A). 
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Example 3. 123456789 x 999999999 — 
Solution 


123456789 x 999999999 — 123456789 x (1000000000 — 1) 
= 123456789000000000 — 123456789 = 123456788876543211. 


Example 4. The value of 19m is 
(—13579)? + (—13578) (13580) 
(A) 1, (B) 13579, (C) -1, (D) —13578. 


Solution Ву use of (a — b)(a + b) = a? — Ь?, we have 


13579 
(—13579)? + (—13578)(13580) 
13579 
= = 13579. 
(13579)? — (13579? — 1) 
The answer is (B). 
83? +173 
E le 5. ——————— = 
PEL TU ENT. 


Solution Ву use of the formula a? + b’ = (a + b)(a? — ab + 02), 


83? + 173 |. (83+ 17)(83? — 83 x 17 + 172) 
83x66--172  . 83 x 66 + 172 

n 100 x (83 x 66417") _ у, 

83 x 66 + 17? NOS 


Example 6. Evaluate 


(4 x 7 -2)(6 x 9+ 2)(8 x 11 +2) ----- (100 x 103 + 2) 
(5 x 8 + 2)(7 x 104 2)(9 x 12 + 2) - --- - (99 x 102-2) 
Solution From n(n+3) +2 = n? +3n+2 = (n+1)(n+2) for any integer 
n, we have 
(4x 7+2)(6x9+2)(8 x 114-2) ---- (100 x 103 + 2) 
(5 x 8+ 2)(7 x 10+. 2)(9 x 12+2)----- (99 x 102 + 2) 
_ (5 x 6)(7 x 8)(9 x 10) +++ (101 x 102) 
— (6 x 7)(8 x 9)(10 x 11) -+--> (100 x 101) 
=5 х 102 = 510. 
2 
Exsnple s. 20092008 


200920072 + 200920092 2 . 
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20092008? 
20092007? + 20092009? — 2 


Solution 


200920082 
(200920072 — 1) + (200920092 — 1) 
" 20092008? 
~ (20092006) (20092008) + (20092008) (20092010) 
20092008? 200920082 — 1 


(20092008) (20092006 + 20092010)  2(200920082) 2 


О ub Ph ye Я 
Example 8. — 
sample 8:9 ето арар 29. 8G 


Solution 


Solution Since | = : (s 1 ) for any positive integer k, so 
k(k+2) 2\k k+2 , 
1 1 1 11 1 
3 ^ 15 35 63 99 143 
1 1 1 1 1 1 
+ + + + + 


Т 3x5 5x7 7х9 9х11 11x13 
Жү Жоо Жо co equ dE 
о|\т 3 3 5 11 13 

6 


x |1 = —. 
1—15 18 


Il 


Example 10. If ab < 0, then the relation in sizes of (a — Б)? and (а + b)? is 
(A) (a — b)? < (a+ b)?; (B)(a— b)? = (a + 5); 
(C) (a — b)? > (а + b)?; (D) not determined. 
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Solution From (a — b)? = a? — 2ab + b? = a? + 2ab + b? — 4ab = 
(a + b)? — 4ab > (a + b)?, the answer is (C). 


1 
Example 11. If —1 < a < 0, then the relation in sizes of af, —a?,a*, —a*, —, 


а 
——is 
a 
1 4 3 3 4 1 
(A) — < -a* < a? <—-a <а <—-; 
a 1 а 
(B)a —<—а%<а%<—-<—а°; 
ea : 1 
(C) = < a? Sar < at < —a? < — >; 
1 1 
(D) = <a? < at «d < —a? < 
a 


=: 
А 4 3 1 

Solution From —1 < а < 0 we have 0 < а? < —a? < 1 < —-,so 
а 


1 : 
—a* > a? and —— > —a? and a* > —a*, the answer is (C). 
a 


Testing Questions (A) 


1. Evaluate —1 — (—1)1 — (—1)2 — (-1)3 — ... — (—1)99 — (—1)100, 
2. Evaluate 2008 x 20092009 — 2009 x 20082008. 


1 
3. From 2009 subtract half of it at first, then subtract 3 of the remaining num- 


1 T „1 
ber, next subtract — of the remaining number, and so on, until 2009 of the 
remaining number is subtracted. What is the final remaining number? 


| 1 1 1 1 1 
4. Find the sum — t. ot oul xis xs. 


1 
5. Find th y | 
ind the sum 75 + 70 + 88 + 154 + 238 


6. Evaluate 
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1 1 


7. Findth a = ey 
ес И гранта а qug 


8. Letn be a positive integer, find the value of 


jul su rue pt UU M E 
2 ду Qv о obi d Oe 8 n n n n n 
9. Evaluate 1? — 22 + 32 — 4? + - - - — 2008? + 20092. 


10. Find the sum 11+ 192 + 1993 + 19994 + 199995 + 1999996 + 19999997 + 
199999998 + 1999999999. 


Testing Questions (B) 


1. Calculate араа 07 ха 
` 32-1 52-1 7-1 992 —1' 
2. After simplification, the value of 
1 2 3 4 
1-1+2) (14+2)(14+243) (1+2+3)(1+2+3 + 4) 
100 
(1+2+::: + 99)(1+2 4- --- + 100) 


is a proper fraction in its lowest form. Find the difference of its denominator 
and numerator. 


1 1 


1 
: E l t +, eu f Жы d. ү d 
3 Me ТЭТ ea + 100 x 101 x 102 


4. Find the sum 


1 2 3 50 
T¢P2+i Т1+29+24 14430 l t 1+502+504` 


5. Evaluate the expression 


1? às a PES 80? 
12—10--50 22 – 20+ 50 802 — 80 + 50` 


Lecture 2 


Monomials and Polynomials 


Definitions 


Monomial: A product of numerical numbers and letters is said to be a mono- 
mial. In particular, a number or a letter alone is also a monomial, for example, 
16, 322, and 2az?y, etc. 

Coefficient: In each monomial, the part consisting of numerical numbers and 
the letters denoting constants is said to be the coefficient of the monomial, like 32 
in 322, 2a in 2az?, etc. 

Degree of a Monomial: In a monomial, the sum of all indices of the letters 
denoting variables is called the degree of the monomial. For example, the degree 
of 3abz? is 2, and the degree of Талуу? is 3. 

Polynomial: The sum of several monomials is said to be a polynomial, its each 
monomial is called a term, the term not containing letters is said to be the con- 
stant term of the polynomial. The maximum value of the degree of terms in the 
polynomial is called degree of the polynomial, for example, the degree is 2 for 
За? + 4x +1, and 5 for 22?y? + 2y. A polynomial is called homogeneous when 
all its terms have the same degree, like 3x? + zy + 4y?. 

Arrangement of Terms: When arranging the terms in a polynomial, the terms 
can be arranged such that their degrees are in either ascending or descending order, 
and the sign before a term should remain attached to when moving it. For example, 
the polynomial z?y? —1—2ay? — 237 should be arranged as xy? —7?y—223? —1 
or —1 — 2232 — z?y + a?y?. 

Like Terms: Two terms are called like terms if they have the same construction 
except for their coefficients, like іп 4az?y and 5bx7y. 

Combining Like Terms: When doing addition, subtraction to two like terms, 
it means doing the corresponding operation on their coefficients. For example, 
Aax?y + 5bx?y = (4a + 5b)z?y and 4ax7y — 5bz?y = (4a — 5b)z?y. 
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Operations on Polynomials 


Addition: Adding two polynomials means: 

(i) take all terms in the two polynomials as the terms of the sum; 

(ii) | combine all the like terms if any; 

(iii) arrange all the combined terms according to the order of ascending or de- 


scending degree. 
Subtraction: Let P апа Q be two polynomials. Then P — Q means 


(i) change the signs of all terms in Q to get — Q at first; 

(ii) take all terms in the two polynomials P and —Q as the terms of P — Q; 
(iii) | combine all the like terms if any; 

(iv) arrange all the combined terms according to the rule mentioned above. 
Rule for Removing or Adding Brackets: 

The rule for removing or adding brackets is the distributive law. For example, to 
remove the brackets in the expression —2z(z?y — 4x?y? + 4), then 


—2z(a?y — 4х?у? + 4) = —2х%у + 81232 — 8т, 


and to add a pair of bracket for containing the terms of the expression —4x°y? + 
бау — 8220? and pick out their common factor with negative coefficient, then 


—4х°у? + 6aty — 8224? = —2х°у(2х%у — За? + 4y). 


Multiplication: 

(i) For natural numbers m and n, 
а" ; a” = ае, (a) = am, (ab)” == a" b^; 

(ii) | When two monomials are multiplied, the coefficient of the product is the 
product of the coefficients, the letters are multiplied according to the rules 
in (i); 

(iii) When two polynomials are multiplied, by using the distributive law, get a 
sum of products of a monomial and a polynomial first, and then use the 


distributive law again, get a sum of products of two monomials; 
(v) Three basic formulae in multiplication: 


(i) (a—b)(a+b) = a? — 2; 
(i) (a+b)? = a? + 2ab + 2; 
(ii) (a — b)? = a? — 2а + b?. 


Examples 


Example 1. Simplify За + {—4b — [4a — 7b — (—4a — b)] + 5a}. 
Solution 


За + {—4b — [4a — 7b — (—4a — b)] + 5a} 
= За + {—4b — [8a — 6b] + 5a} = За + (—3a + 2b} = 2b. 
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or 


За + {—4b — [4a — 7b — (—4a — b)] + 5а} 
= 8a — 4b — [4a — 7b — (—4a — b)] = 4a + 3b + (—4a — b) = 2b. 


Note: We сап remove the brackets from the innermost to outermost layer, or 
vice versa. 


Example 2. Simplify the expression 4{(3a — 2) — [3(3x — 2) + 3]] — (4 — 6x). 


Solution Taking 3x — 2 as whole as one number y in the process of the 
simplification first, we have 


4{(3x — 2) — [3(3a — 2) + 3]} — (4 — 6x) = 4{y – [By + 3] + 2y 
= 4[-2y — 3} + 2y = —6y — 12 = —6(3z — 2) — 12 = —18z. 


Example 3. Evaluate —9x"~? — 82"~1 — (—9x"~*) — 8(z^-? — 22"—1), where 
r=9,n=3. 


Solution —9x"~? — 87"! — (—9x"~?) — 8S(y^-? — 25^) = ay"! — 
8a"—, By substituting x = 9,n = 3, it follows that 


the expression = 81"! — 8x"? = 8 x (81 — 9) = 576. 


Example 4. Given x? + Az?y + ary? 4-3yy — Бау + zy? + азу +y? = a? +y? 
for any real numbers т and y, find the value of a, b, c, d. 


Solution | 4z?y and —bz^y must be like terms and their sum is 0, so 
b=4,c=2. 


azy? + Try? = 0 and 22у + аху = 0 for every x and y yields а + 7 = 0 and 
3 + d = 0, so 
а= —7,d = —3. 


Thus, а = —7,b = 4, c = 2, d = —3. 


Example 5. Given that m, x, y satisfy (1) E — 5)? + 5m? = 0; Gi) -2a?59! 
and 3a7b® are like terms, find the value of the expression 


3 7 1 
базу бт? — { Lye da ау sana? | — ansa? 
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Solution The condition (i) implies (2—5)? = 0, 5m? = 0, so x = 5,m = 0. 
The condition (ii) implies y + 1 = 3, i.e. y = 2. Therefore 


3 T 1 3 
aU + 5m? { xy 4 | ту? xy sara? d 


16 4 16 
Es y Tay | у? | n F3.AT5zy" + 6.2751? 
h ++i) ay + (сз 3) ey 


= a?y + 10zy? = (52)(2) + 10(5) (2?) = 250. 


Example 6. Given that P(x) = nz" **-E3347" —23? -Ay —5, Q(x) = 324 — 
44 x? -- Ina? + ж — 2 are two polynomials. Determine if there exists an integer 


n such that the difference P — Q is a polynomial with degree 5 and six terms. 


Solution P(z)—Q(z) = (n—3)z"** -3z*7" 4 2* — 323 —2nz? - 3x — 3. 
When n + 4 = 5, then n = 1, so that 3x47” — 3x3 = 0, the difference has 


only 5 terms. 
When 4 — n = 5, then n = —1, so that P(x) — Q(x) = 32° + z* — 723 + 
21? + 3x — 3 which satisfies the requirement. Thus, n = —1. 


Example 7. Expand (x — 1)(z — 2)(x — 3)(x — 4). 
Solution 
(z — 1)(z - 2)(z — 3)(z — 4) = [(@ — 1)(ж — 4)] - (æ — 2)(z — 3)] 
= (x? — Ar — x + Az? — 3x — 22 + 6) 
= [(z?— 5x + 5) — 1][(z? — 5z + 5) 4- 1] 
= (x? — 5g +5)? — 1 = z + 25a? + 25 — 1025 +102? — 50x — 1 


= q^ — 102? + 35x? — 50x + 24. 
2, 12 2_1 2 
Example 8. Expand (5xy — 32° + Pt) )(Say + 3x7 — 55 ) 
Solution Considering the formula (a — b) (а + b) = a? — 02, we have 


1 1 
(Say — 32° + z^) (5ту + 32° — Sy") 


е 
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1 
zyy 


= Gy? - (30° - w) = зау? - | 02? - a: G 


1 1 
= 25020? — [^ — 327y? + UN = 9x4 + 285^? — i 


+2 +1 


3 
Example 9. Given 22 — x — 1 = 0, simplify = Е to a polynomial form. 
x 


2 


Solution z^ — x — 1 = 0 yields x + 1 = x^, so 


e+aet+l x? + а? rcl 1 22 – T 
= = => = = Т 1. 
z5 25 z3 c c 


Testing Questions (А) 


1. Inthe following expressions, which is (are) not monomial? 


1 3 
A= G-0504-) OF 
x HH 


2. The degree of sum of two polynomials with degree 4 each must be 
(A) 8, (B) 4, (C) less than 4, (D) not greater than 4. 
3. While doing an addition of two polynomials, Adam mistook “add the poly- 


nomial 22° + x + 1" as “subtract 22? + x + 1”, and hence his result was 
5a? — 2x + 4. Find the correct answer. 


4. Given that the monomials 0.75z^y* and —0.52~!y?"—! are like terms, and 
their sum 15 1.25az" y”, find the value of abc. 


1 2 3 
5 . . . . 
5. Ifz?,rd4—,1c--- m are multiplied together, the product is a polynomial, 
then degree of the product is 
(4)4  Á (B5. (O6, (D) (ES 
6. Find a natural number n, such that 28 + 210 + 2" is a perfect square number. 


7. Given 3x? + x = 1, find the value of 6x? — x? — 3x + 2010. 


8. Ех - 7 2 , then the value of x is 
b+c ate a+b 


1 1 3 
(A) Бы (В) —1, (С) z or —1, (D) z 
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2x + Ашу — 2y 


9. rt — i — 4, find the value of R 
T y ®—у— 257 


Testing Questions (В) 


1. (UKJMO/1995(B)) Nine squares are arranged to form a rectangle as shown. 
The smallest square has side of length 1. How big is the next smallest 
square? and how about the area of the rectangle? 


2. Let P(x) = ax’ +bx?+cx—5, where a, b, c are constants. Given P(—7) = 7, 
find the value of P(7). 


Eod. 1 
3. Іа, б, саге non-zero real numbers, satisfyin, t-+-= , prove 
кү oe а b c а+ь+с E 


that among a, b, c there must be two opposite numbers. 


4. If ry = a,xz = b,yz = cand abc Z 0, find the value of x? + y? + 22 in 
terms of a, b, c. 


5. Given af + a? + a? + a + 1 = 0. Find the value of 42009 + 42010 + 1. 


6. If(z?—2z— 1)" = aan x?” + адһ 02") 4- --- + аза? + a,x + ао, find the 
value of ao + a2 + ад + -+ + Gan. 


Lecture 3 


Linear Equations of Single Variable 


Usual Steps for Solving Equations 


Q) 


(ii) 


(iii) 


(iv) 


(v) 


Remove denominators: When each term of the given equation is multiplied 
by the L.C.M. of denominators, all the denominators of the terms can be re- 
moved. After removing the denominators, the numerator of each term is con- 


sidered as whole as an algebraic expression, and should be put in brackets. 
Remove brackets: We сар remove brackets by using the distributive law and 


the rules for removing brackets. Do not leave out any term inside the brackets, 
and change the signs of each term inside the brackets if there is a “—" sign 


before the brackets. > М . 
Move terms: Move all the terms with unknown variable to one side of the 


equation and other terms to another side of the equation according to the Prin- 
ciple for moving terms: when moving a term from one side to the other side 
of an equation, its sign must be changed. All unmoved terms keep their signs 


unchanged. 
Combine like terms: After moving the terms, the like terms should be com-. 


bined, so that the given equation is in the form 
ax = 


where a, b are constants but sometimes are unknown. An unknown constant in 
an equation is called a parameter 


Normalize the coefficient of x: When a Z 0, we have unique solution x = 
—. If a = 0 but b Z 0, the equation has no solution. If a = b = 0, any real 
а 


value is a solution for x. In particular, when a contains parameters, a cannot 
be moved to the right as denominator unless it is not zero, and thus it is needed 
to discuss the value of a on a case by case basis. 


Remark: Itis not needed to perform the above steps according to the order listed 
strictly, different orders are needed for different questions. 
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Examples 


1 fi1[|[l/mx42 
E le 1. Solve th ti 1 =1. 
xample 1. Solve the equation 10 Е E ( 3 +8) + 5 +в} 


Solution By removing the denominators one-by-one, it follows that 


1[1/+2 

II + 16| =2 

alg (757 +8) en] 
1 /x+2 
= 4 =) 
(eo) 


2+2 E 
3 
—.®+2=6, Le. 2 = 4. 


3 \2 


Solution Here it's convenient to move a term and then remove a denomina- 
tor for simplifying the equation. From the given equation we have 


1[1(1{[1 
IHHE 3) 2 i} 221, 
1[1/1 
=1 
сна 
1/1 
=| -97— — 2 = 64 
5 (52 3) 6 
1 


1[1[1 [1 
Example 2. Solve the equation 5 E | ( x 3) | i} 2= 1: 


3/5 /1 1 
А ion = |= { = 1 Se, 
Example 3. Solve the equation 5 | 3 ( 17 + ) + J ae 


г iss 5 3 2 lu 
Solution Considering that — and 5 are reciprocal each other, it is better to 


remove the brackets first. We have 


1 1 
— 1 — — = 
(Ges ) +з 97$ 


1 1 
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1+ 32 10 — 62 
z— 5 g 22 — 7 
Example 4. Solve the equation 1 3 sis 7 


Solution Since the given equation contains complex fractions in both sides, 
it is better to simplify each side separately first. From 


1+ 32 
1 ШГ _,_ 52 (1931) _ 15—20 +1_ 16-22 
3 i 15 i 15 с 45 " 
10 — 6x 
20———5—— ш  Mz-(10-6z) _ 10-132 
2 2 2 14 = M’ 


it follows that 


16-22 10-132 
15 | 14 ^" 
14(16 — 2x) = 15(10 — 13z), 


224 — 28x = 150 — 1952, ie. 1672 = —74, 


"ER 
1677 


Example 5. If а, b, c are positive constants, solve the equation 


=з. 
с T a a b 


Solution By moving 3 in the given equation to the left hand side, it follows 


that 
(2-222 -1) + (2225 1) ($2575 - 1) =o, 
с а b 
0, 


r—a—b—-c z—a—b—-c x—a-—b-—c 
| + = 
с а b 


1 1 1 
(x—a-—b o ( += + )=• 
c a b 
1 1 1 


2м—-+—-+-—>0,.ж-а—б—с=0, ie r=a+b+ec. 
c a b 


5a+2ab 1 
Example 6. Solve the equation ax + b — е а. 
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Solution Removing the denominator of the given equation yields 


20(ax + b) — 4(5a + 2ab) = 5, 
20ax + 20b — 20x — 8ab = 5, 
20(a — 1)z = 5 — 20b + 8ab. 


5 — 20b + 8ab 


G) Whenazl,r-— 20(a — 1) 


Gi) When a = 1 and b = a the equation becomes 0: x = 0, so any real number 
is a solution for =. 

(11) When а = 1 and b > са the equation becomes 0-7 = 5 — 12b, so no 
solution for x. 


Example 7. Given that the equation a(2x + 3) + 3ba = 12x + 5 has infinitely 
many solutions for x. Find the values of a and b. 


Solution Change the given equation to the form (2a + 3b — 12)x = 5 — За, 

we have 
2a4-3b—12—0 апа 5 – За = 0. 
12—2 
Therefore a — > b= = 24 
3 3 9 

Example 8. Find the integral value of k such that the equation 11z — 2 = kx +15 
has positive integer solutions for x, and find such solutions. 


Solution From the given equation we have 


(11 — K)z = 17. 


17 
Since it has at least one positive solution for x, so k Z 11, and х = ПЕ Since 


the fraction is an integer, (11 — k) | 17, i.e. k = —6 or 10, and correspondingly, 
z=lorr=17. 


Example 9. Given that the equation 2a(x + 6) = 4x + 1 has no solution, where 
a is a parameter, find the value of a. 


Solution From the given equation 2a(x +6) = 4x + 1 we have (2a — 4)x = 
1 — 12a. Since it has no solution, this implies 


2a—4=0 and 1—12a40, 
therefore a = 2. 


Example 10. Given that the equation az + 4 = 3x — b has more than 1 solution 
for x. Find the value of (4a + 35)?907, 


Lecture Notes on Mathematical Olympiad 17 


Solution We rewrite the given equation in the form (a — 3)a = —(4 4 b). 
Then the equation has more than 1 solution implies that 


a—3=0, and 445-0, 


ie. а = 3,6 = —4. Thus, (4a + 3b)?907 = (2007 = 0, 


Testing Questions (А) 


1. The equation taking —3 and 4 as its roots is 
(A) (x — 3)(х+4) = 0; (B)(x—3)(—4) = 0; 
(C) (2+ 3)(x +4) =0; (D)(x-3)(x —4) =0. 


2. Given that the equation 
ka = 12 


has positive integer solution only, where k is an integer. Find ће number of 
possible values of Ё. 


3. The number of positive integers x satisfying the equation 


i 1 un 1 13 
т +1 r2 12 


is 


(A) 0 (B)1 (C) 2 (D) infinitely many 


4. Given that the solution of equation 3a — x = 5 +3 is 4. Find the value of 
(—a)? — 2a. 


X — т, 


5. Solve the equation Zo = (where mn # 0). 
т n 


б. Solve ће equation [4ax — (a + b)|(a + b) = 0, where a and b are constants. 


1 
т. Given that —2 is the solution of equation —ma = 5x + (—2)?, find the value 


of the expression (m? — 11m + 17)2907, 


8. Solve the equation m?z + 1 = m(x + 1), where m is a parameter. 
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9. Given that k is a positive constant, and the equation k?z — k? = 2ka — 5k 
has a positive solution for x. Find the value of k. 


10. Given that the equation а(22 — 1) = 3x — З has no solution, find the value 
of the parameter a. 


Testing Questions (B) 


1. Given that the equations in 2: 


38xr+a 1+4+42 


=0 
3 6 


3s -2 (2 2)] — 2x and 
have a common solution. Find the common solution. 


2. If positive numbers а, b, c satisfy abc = 1, solve the equation in x 


2ax те 202 | 2ст — 
ab+a+1  be+b+1 са+с+1 — 


8 9 
3. Given that the equation 3° = m = == + 123 has positive integer solution, 


where m is also a positive integer, find the minimum possible value of m. 


1 
4. Construct a linear equation with a constant term — =, such that its solution is 
equal to that of the equation 3[4x — (22 — 6)] = lla + 8. 


1 
5. Ifa441-— =T (n = 1,2,...,2008) and a, = 1, find the value of 


алад + a203 + азад + +++ + A200842009- 


Lecture 4 


System of Simultaneous Linear Equations 


1. In general, the system of two equations of 2 variables сап be expressed in 


the form 
ау + biy = G, 
ах + boy = сә. 


2. To eliminating one variable for solving the system, we use (i) operations 
on equations as usual; (ii) substitution method. In many cases the method 
(i) is effective. 


a—1 b z F 
3. When Æ = the system has unique solution 
a2 b» 
= €1b2 — c3b1 _ Q1C2 — à2€1 
a1 — abi ° r a1b3 — a2b1 
a—1 b с : а 
4. When = 1 = — the system has two same equations, so it has 
a2 b» C2 
m —l b e 
infinitely many solutions, when = #~ —,the two equations are 
2 C2 
inconsistent, so it has no solution. 
Examples 
Example 1. Solve the system of equations 
r-y x+y _ 1 
5 4 =, 


I 
e 


2(ж — у) — 3(a+y) +1 
Solution (I) By operations on equations to eliminate a variable. 
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Simplifying the first equation, we have 4(x — y) — 5(x + y) = 10, ie. 
a+9y = —10. (4.1) 


Simplifying the second equation, we have 


z4-5y = 1. (4.2) 
Ву (4.1) — (4.2), 
11 
4y = 11, у= ——. 
у ny 1 
55 59 59 11 
Apa 1 —Бук= е а Е Тө їз = dp 
From (4.2), x 5y + 7 7 us, 2 = oY | 


(ID By substitution to eliminate a variable. 
From the first equation we have 


x = —10 — 9y. (4.3) 


Substituting (4.3) into the second equation, we obtain 


2(—10 — 9y — y) — 3(—10 — 9y + y) +1 = 0, 


11 
4y = —11, "y =. 
y >Y 1 
NN . i 99 59 
By substituting it back into (4.3), we obtain x = —10 + uw cu Thus, 
= 59 _ 11 
B A E 
Example 2. Solve the system of equations 
5.4r 4-4.6y = 104, (4.4) 
4.6r--5.4y = 96. (4.5) 


Solution Notice the feature of coefficients, by (4.4) + (4.5), we obtain 102+ 
10y — 200, therefore 
ж + у = 20. (4.6) 


By (4.4) — (4.5), it follows that 0.82 — 0.8y = 8, therefore 
2 у = 10. (4.7) 
1 1 : R 
By 3 (4.9 + (4.7)) and 5 (4.9 — (4.7)) respectively, we obtain 


x= 15, y=5. 
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Example 3. Solve the system of equations 


| 


ж + 2(5z +y) 
5x +y 


21 


16, 
7. 


Solution Ву using 7 to substitute 5x + 7 in the first equation, we obtain 


x + 14 = 16, therefore x = 2. 


Then from the second equation, y = 7 — 5x = —3. 


Note: 
be substituted also. 


Example 4. Solve the system of equations 


Р X y 
Solution Lett = —— <= 
ull e 9 3 


x —2t,y = 3t, z = 5t. 


x 
2 
x 


Z 


5 


y 


= 


, then 


The example indicates that not only a variable but an expression can 


a 
5! 


+ 3y + 6z = 15. 


(4.8) 


1 
Substituting (4.8) into the first equation, we have 2t + 9t + 30t = 15, i.e. t = Al 


Thus 


x 


_ 30 
(A! 


_ 45 
Y= I 


75 
2 = —. 
41 


Example 5. Solve the system of equations 


Solution Let the given equations be 


try 
y+z 
ZET 


ж+у 
у+2 
ZTT 


1 
By 5 ((4.9) + (4.10) + (4.11)), it follows that 


e+tytz=9. 


= Б 
= 6 
= 7. 

labeled as 
5 (4.9) 
= 6 (4.10) 
LL (4.11) 
(4.12) 
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Then (4.12) — (4.9) yields z — 4; 
(4.12) — (4.10) yields x = 3; 
(4.12) — (4.11) yields y — 2. 


Example 6. Solve the system of the equations 


®+2у = 5, 
yt2z = 8, 
z+2u = 11, 
u+2r = 


Solution From the given equations we have the cyclic substitutions 
x = 5 — 2y, y = 8 — 22, z = 11 — 2u, u=6-—2r. 
By substituting them sequentially, we have 


т = 5—2y—5-—2(8—2z) = —11 + 4z = —11 +4(11 — 2u) = 33 — 8u 
= 33. 8(6 — 21) = —15 +162, 


therefore x = 16x — 15, i.e. x = 1, and then u = 4, 2 = 3, у = 2. 


Example 7. Solve the system of equations 


5r—y-3z = a, (4.13) 
5у-2 +320 = b, (4.14) 
5z—mz:--3y = с. (4.15) 
Solution By 2 x (4.13) + (4.14) — (4.15), it follows that 
2a 4-6 с 
142 = 2 b — -g= ——, 
x a d €, г. 14 
By 2 x (4.14) + (4.15) — (4.13), it follows that 
2b+c—a 
14y = 2b — "p plÉmc cr 
y +c—a, SLY 14 
Similarly, by 2 x (4.15) 4- (4.13) — (4.14), we have 
2с+а—Ь 
142 = 2 р уыш = te 
2 с+а $82 14 
Example 8. Given that x, y, z satisfy the system of equations 
2000(a — у) + 2001(у— 2) + 2002(2 – х) = 0, (4.16) 
20007?(z — y) + 20012 (у — 2) + 20022(2 — х) = 2001, (4.17) 


find the value of 2 — y. 
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Solution Letu = x — y,v = y — z,w = z — x. Then и, о, ш satisfy the 
following system of equations 


u+v+w = 0, (4.18) 
2000u + 20010 + 2002w = 0, (4.19) 
20007u + 200120 + 200220 = 2001. (4.20) 


By 2001 x (4.18) — (4.19), we obtain 
u-w=0, ie. и = uw. 
From (4.18) again, we have v = —2w. By substituting it into (4.20), we have 


(2000? — 2 - 2001? + 2002?)w = 2001, 
[(2002 + 2001) — (2001 + 2000)]w = 2001, 
2w — 2001, SO — у= —v = 2w = 2001. 


Example 9. Solve the system of equations for (2, y), and find the value of k. 


1+ (1+ )у = 0, (4.21) 
(1— к) + ку = 1+0, (4.22) 
(1+ к)2+ (12 k)y = (1+ А). (4.23) 


Solution То eliminate k from the equation, by (4.22) + (4.23), we obtain 
2r4-12y = 0, ie. x = —6y. (4.24) 
By substituting (4.24) into (4.21), we have (k — 5)у = 0. If k 5 5, then у = 0 
and so z — 0 also. From (4.22) we have k — —1. 


36 
If k = 5, (4.22) yields (—4)(—6y) + 5y = 6, so y 


24 28 
29” 29` 


Testing Questions (А) 


1. (CHINA/1997) Given that x = 2, y = 1 is the solution of system 


ax + by = 7, 
ba + cy = 5, 


then the relation between a and c is 


(A)4at+c=9; (В)2а+с= 9; (С)4а-с= 9; (D)2a— c— 9. 
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2. Ifthe system in x and y 


За = у = 5, 
220 +у = 2 = 0, 
4ax + 5by — 2 = —22 


and the system in x and y 


az — by+z=8, 
ж+у-+5 = с, 
2r + Зу = —4 


have a same solution, then (a, b, c) is 


3. Determine the values of Ё such that the system of equations 


EN! 
kr —y-—-—3 
3y—1-—60z 
has unique solution, no solution, and infinitely many solutions respectively. 


a ac be 
=2, = 5, 
a+b a+c b+c 


5. Solve the system of equations 


4. Given 


= 4, find the value of a + b + c. 


| 
сл 


т—у—@ 
y-z-x = 1 
z—z—y 


l 
| 
z 


6. Solve the system of equations 


& 
| 
Бы 
| 
| 
3 
Il 
CUR OLG 


7. Given 


+2 +5 =0, (4.25) 


1 
Ex egy (4.26) 
y 


y 


Find the value of id + = + e 
Ur om ё 
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8. (CHINA/2001) Given that the system of equations 
| т-+2у = 10 


3y—2y = 0, 


has integer solution, i.e. x, у are both integers. Find the value of m?. 


25 


9. Asshownin the given figure, a, b, c, d, e, f are all rational numbers, such that 
the sums of three numbers on each row, each column and each diagonal are 


equal. Find the value of a 4- b 4- c 3- d 4- e + ff. 


a b 6 
с d € 
7 |7 2 


10. Solve the system 
ж+у+#+и= 10, 
2x + у + Az + 3u = 29, 
3x + 2y + z + 4и = 27, 
4x + 3y + z + 2u = 22. 


Testing Questions (B) 


З= + my = 7 


1. Given that the system of equations { 23-L ny a 


has no solution, 


(4.27) 
(4.28) 
(4.29) 
(4.30) 


where 


m, n are integers between —10 and 10 inclusive, find the values of m and n. 


2. Solve the system of equations 


f. c 
т ytz 2 
te dia ced 
y 2+2 3’ 
NES: 
z x+y 4 
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3. Solve the system 
a(y+2—2) = 60 — 222, 
у(#+— у) = 75 — 202, 
2(a + y — z) = 90 — 222. 


4. Find the values of a such that the system of equations in x and y 


xr+2y=a+6 
2x — y = 25 — 2a 


has a positive integer solution (x, y). 


5. Solve the system of equations 


2e+y+z2+ut+v= 16, 


xr +2y+z+u+v=17, 


ї+у +22 ъи +0 = 19, 


ї+у+х2 +20 +0 = 21, 
ж -у+ 2+ и-+Е 20 = 28. 


(4.31) 
(4.32) 


(4.33) 
(4.34) 
(4.35) 
(4.36) 
(4.37) 


Lecture 5 


Multiplication Formulae 


Basic Multiplication Formulae 


(1) 

Q) а 

(3) (atis 
Proof. 


)(а? F ab +b?) = аз + b’. 


a+ 0) (а? — ab + 2) = a? — a?b + ab? + a?b — а? + = a? +". 
( 
Use (— Б) to replace b in above formula, we obtain 


(a — b)(a? + ab -- 52) = a? — b’. 


(4) (at b)3 = a? + 3a?b + За? + b’. 


a+ b): (a+b)? = (a + b)(a? + 2ab + 02) 
+ 2a?b + ab? + a?b + 2ab? + b? 
+ 3a?b + 3ab? + b°. 


( 
ans аЗ 4 
a? 4 


Use (—b) to replace b in above formula, we obtain 


(a — b)? = a? — 3a?b + 3ab? — 3. 


(5) (a + b 4- c)? = a? +b? + с? + 2ab + 2bc + 2ca. 
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Proof. 
(ac bcc = [(a+b)+¢? = (а+ 0)? + 2(а + )с-+‹° 
= a’?+2ab+b? + 2ac + 2bc 4- c? 
= а? +b? + с +2ab+ 2bc + 2ca 


Generalization of Formulae 


(1) 


Q) 


(3) 


4) 


(5) 


(a — b)(a? + a2b + ab? + 53) = at — bt. 


(a — b)(a* + a3b + a?b? + ab? + bt) = a5 — 55. 


(a — b) (a^! + a^-3b +... + ab^? + 6-1) = a” — b” 


for all n € N. 
Proof. 
(a — b) (a?! | апт? ee аһ“? | pub) 
= (a” a a tb + 46 a2b"—2 L ab” t) 
—(a"^—71b + q"—2p2 eet ab”—1 +b") 
= а" —Ь". 


(а + Ь)(а"—1 __ a"^—23p + NS Mem ab"-2 + b"—1) = а" 3p. b^ 
for odd n € N. 


Proof. For odd n, by using (—5) to replace b in (3), we obtain 


(a + Ва + a”? (—b) + a”™?(—b)? +- + a(—b)"=? + (—ь)"—1) 
= а" – (—b)”, 
therefore 
(a ---b)(a 1 — a”™?b + a? др 7 p ph) = a” + ph. 
(a, 4- a2 4-7 a4)? =a? | аз fees a2 -2a1a» 4-2a1a3 +- - --2a1a84, 
-Е2аәаз + --- + 2a2a4, +--+ 4-284 105. 
Proof. 


(a4 + ас +: + аһ)? 

= (a1 + a2 + a3 t --- + an)(aı + a2 + as d Fas) 

= aj +a} +- +a} 420183 + 20103 +--+ +--+ + 20105 
A Dae Ga +--+ 2a2an +--+ Do diss 
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Derived Basic Formulae 


(D а +b? = (a+b)? x 2ab. 


(2) (a+b)? —(a-— b)? = 4ab. 


(3) a ED? = (a+b)? F 3ab(a b). 
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(4) аз +0 + c —3abc = (a+ b 4- c)(a? + b? +c? — ab — bc — ca). 


Proof. 


a? + b? + c? — 3abc 


= (a? + 3a?b + За? + b?) + с? — 3a?b — Зар? — 3abc 


= (a +b)? + с? — 3ab(a +b + c) 


= [(a + b) + c][(a + b)? — (a + b)c + с2] — 3ab(a + b +c) 


= (a + b + c)(a? + 2ab + b? — ac — be +c?) — 3ab(a +b + c) 


= (a + b + с)(а? +b? + c? + 2ab — bc — ca — 3ab) 


= (a +b + c)(a? +b? +c? — ab — bc — ca). 


Examples 


Example 1. Evaluate the expression (2 + 1)(2? + 1)(24+1)--- 


(27° +1) +1. 


Solution Ву using the formula (а — b)(a+b) = a? — b? repeatedly, we have 


(аа) (уа 19? ^ +1)+1 
= (2 


— 1)(2+ 1)(22 +1)(24 +1) (2° +1) + 


( 
= (22 — 1)(22 + 1)(24 +1) --- (22° +1)+1 
(24 —1)(24 +1) (22° +1)+1 


210 


= ...= (27° — 1)(22'° +1) +1 
= ((22^2 =1у+ 1 22-2!° _ 9211 _ 92048. 


1 


Example 2. Simplify the expression (a9 — bê) + (a? — b’) + (a? 
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Solution By using the formulae A? — В? = (A— B)( A+ B) and A? + P? = 
(A+ B)(A? — AB + B?), 
аб E Бе 
(аЗ — b3)(a? — ab + b?) 


(aê — bê) + (аЗ — b’) + (a? — ab + b?) = 


(аЗ — b’) (a? + b°) a? + b3 


© (a3 — b3)(a2 —ab+ 52) а? — ab + b? 
(a + b)(a? — ab + b°) 


= = б. 
a? — ab + b? Er 
Example 3. Given x — y = 8, xy = —15, find the value of (i) (x + y)? and (ii) 
Жүй 
2 +7. 
Solution 


Q (2+0)? =a? +y’ + 20у = (a? 4 y? — 2ay) + 40у = (x у)? + 42у 
= 82+ 4(—15) = 4. 

Qi) xf + y* = (2 + 2273? + y*) — 22? y? = (a? + y?)? — 2(ту)* 

[(z? — 2zy + y?) + 220]? — 2(-18)? 

= [(x — y)? — 30]? — 2(—15)? = 34? — 2(225) 

156 — 450 — 706. 


= 


1 1 1 
Example 4. Given x + — = 3, find the value of (i) a? + —; (ii) z4 + 2 
x x HH 


Solution 


1 1 1 
() w+ = +1) (2+ 5-1) =з 


5 1 
Example 5. Given £ + y = z r? +y? = E find the value of z? + y?. 


Solution (22 + y?)(z? + y?) = (x? + y?) + (zy)? (x + y) implies that 


pet Ne? а) - SG = S (Fay) - Se 


(а? +0) = 
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It suffices to find the value of zy. Then 


t 2 2 25 13 3 
oy = glos? -@ +99 =5 (2-2) =5, 
therefore 
s s 65/13 3X 5 9 455-180 275 
x + у = . = = А 
8 4 2 2 4 32 32 


Example 6. Given that the real numbers z, y, z satisfy the system of equations 


byte = 6 
r? +y +22 = 26 
хэ +y’ +23 = 90. 


Find the values of xyz and z4 + y* + 2^. 


Solution (x+ y 4- z)? = (x? + y? + 22) + 2(xy + yz + zx) implies that 


1 1 
zy +yz + = zie + y+ z)? - (2? +y? +2°)] = 6 — 26] = 5. 


Since z? + y? + 2° — 3ayz = (x + y  z)[(x? +y? + 2? — (xy + yz + zz), 
90 — 3xyz = 6[26 — 5] = 126, 


л EYZ = 1 (90 — 126) = – 
Further, by completing squares, 
абур = (+y + 27)? Ary + y22? + 222?) 

= 262 —2[(жу-+ yz + zxz)? — 2(zy?z + yz2x + x?gz)] 

= 26? — 2/5? — 2хуг(ж + y + z)] 

= 262 — 2(25 + 24-6) = 676 — 338 = 338. 
Example 7. (SSSMO/2000) For any real numbers а, b and c, find the smallest 
possible values that the following expression can take: 

За? + 270^ + 5с? — 18ab — 30c + 237. 


Solution Ву completing squares, 


3a? 4 ary H 5c? — 18ab — 30c + 237 
= (За? — 18ab + 2782) + (5c? — 30c + 45) + 192 
= 3(а? — бар+ 9?) +500 = 6c + 9) + 192 
= 3(a — 3b)? + 5(c — 3)? + 192 > 192. 
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The value 192 is obtainable when a — 36, c — 3. Thus, the smallest possible value 
of the given expression is 192. 


Note: The technique for completing squares is an important tool for investi- 
gating extreme values of quadratic polynomials, here is an example. 


Example 8. If a, b, c, d > 0 and a^ + bt + c+ + dt = 4abcd, prove that 
a=b=c=d. 


Solution We rewrite the given equality in the form a^ + bt + ct + dt — 
4abcd = 0, and use the technique for completing squares, then 


0 = a^*-4b* 4 c* 4- d* — Даса 


= (af —2a7b? + bt) + (ct — 2c2d? + й) + (2а?Ь? + 2c?d? — Aabed) 
= (a?—W? + (c? — d?)? + 2(ab— са)?, 


therefore a? — b? = 0,c? — d? = 0,ab — cd = 0. Since a,b,c,d > 0, so 
а = b,c = d, and a? = œ, i.e. a = c. Thus a = b = c = d. 


Example 9. Given a+b = c+d and a? +b? = c? + d?. Prove that a?009 + 2009 = 
с2009 4. q2009. 


Solution a+ b = c+ d yields (a + 0)? = (c + d)’, therefore 


a? + 3a?b + 3a? + b? = c? + 3c?d + 3cd? + 4. 
x a3 + b? = e? +d, 
г. 9a?b + 3ab? = 3c?d + 3cd?, ie. 3ab(a + b) = 3cd(c + d). 


Ifa +b = c+ d = 0, then b = —a,d = —c, therefore 


а2909 + 52909 —0- с2009 + 42909. 


If a +b = c+ d £ 0, then ab = cd, therefore 
(a — b)? = (а + b}? — 4ab = (c + d)? — Аса = (c — dy". 


(i) When a — b = c — d, considering a + b = с + d, it follows that 2a = 2c, 
ie. a — c, and b — d also. 

(ii) When a —b = —(c— d), considering a+b = c+ d, it follows that 2a = 2d, 
ie. a = d, and b = c also. 

The conclusion is true in each of the two cases. 
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Testing Questions (А) 


1. (SSSMO/1998) Suppose a, b are two numbers such that 
a? +b? + 8a — 14b + 65 = 0. 
Find the value of a? + ab + b?. 


2. Given a — b = 2, b — c = 4, find the value of a? + b? + c? — ab — bc — са. 


3. For integers a, b, c and d, rewrite the expression (a? + 02) (c? + d?) as a sum 
of squares of two integers. 


4. Given 14(a? + b? + c?) = (a + 2b + 3c)?, find the ratio a: b : c. 


2 


5. Given &———— — = a (a # 0), find the value of 


x 
z?--3r +1 xt +322 +1 


1 1 
6. Given x + — = а, find the value of xê + -g in terms of a. 
x x 


7. Given that a, b, c, d 4 0, and a^ + b* + с“ + d^ = 4abed. Prove that а? = 
b = с? = 2. 


8 Givena+b+c+d= 0, prove that 
a? + b? + c? + d? = 3(abc + bed + cda + dab). 
9. Given that (a — 2)? +(b— 2)? -- (c— 2)? = 0, a? +b? +c? = 6,a+b+c = 2, 
prove that at least one of a, b, c is 2. 
10 Given that a? + 0? + c? = (a + b + c)?, prove that for any natural number n 


а2"+1 + Ь2п+1 + cnt 22. (а + b+ errr; 


Testing Questions (B) 


1. (CHNMOL/2005) If M = 3x? — 8xy + 9y? — 4x + бу + 13 (where т, y are 
real numbers), then M must be 


(A) positive; (B) negative; (С) 0; (D) an integer. 


2. Givena--b = c+ d and а? + b? = c? + d?. Prove that 22009 + 2009 — 
с2009 4 q2009. 
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3. Ifa+b+c=0, prove that 2(a* + 6 + сї) = (a? +b? + c?)?. 


4. Ifa-- b = 1,a? +b? = 2, find the value of a’ + b". 


5. (CHNMOL/2004) Given that the real numbers a, b satisfy a? + b? + Зар = 1, 
find a + b. 


Lecture 6 


Some Methods of Factorization 


Basic Methods of Factorization 


D 


(I) 


(Ш) 


(ТУ) 


(У) 


(VI) 


Extract the common factors from terms: like 


хт + ym + zm = m(z 4 y 2). 


Apply multiplication formulae: like those mentioned in Lecture 5. How- 
ever, contrary to Lecture 5, at present each formula is applied for con- 
verting an expression in non-product form to a new expression in product 
form. 


Cross-Multiplication: 


x? + (a 4- b)z + а t S "e 
о bax 


= (x +a)(x +) (a+ 0)2 
аса? + (ad + be)x + bd us b е 

cc b d аах 
= (ax + b)(ex + d). (ad + bc)a: 


By grouping, splitting, or inserting terms to obtain common factors. 
By substituting subexpressions to simplify given expression. 


Coefficient-determining method. First given the structure of the product, 
then determine the unknown parameters in the product by the comparison 
of coefficients. 


(VID Factorization of symmetric or cyclic polynomials. (cf. Lecture 15.) 
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Examples 


Example 1. Factorize (d? — c? + a? — 02)? — 4(bc — da)? 
Solution 
(d? — c? + а? — 2)? — 4(be — da)? = (d? — с? + a? — Ь?)? — (2с — 2da)? 
= (d? — c? + a? — b? — 2bc + 2da)(d? — c? + a? — b? + 2bc — 2da) 
= [(d + a)? — (b+ e] - [(d а)? — (b )?] 
=(d+a—b—c)(d+at+b+o)(d+b-—a-—c)(d+c—a-—b)). 


Example 2. Factorize 6479 — 729y'?. 
Solution 
6425 — 72972 = (2x) — (30?) = [Qx)? — (3y^?][x)* + (3y?)*] 
= (2x — 33?) (220)? + (2x)(3y") + (34°)’] 
(2x + 3y")[(2x)? — (22) (3) + (37)7] 
= (2x — 3y?) (2x + 3y?) (42? + Gary? + 9y*) (4a? — бху? + 90). 


Example 3. Factor each of the following expressions: 
(i) 222 + z — 6; (ii) 222 — 102 + 8. 


Solution 


а +2 = 6 т 3 3x 
т p A -2x 


= (x + 3)(z — 2). = 


23? — 10x +8 2x а. —2x 
x —4 —8x 


= (2x — 2)(x — 4). 


Example 4. Factorize 2a? + ба? + 6a + 18. 
Solution 


2a? + ба? + ба + 18 = 2[(a? + За? + 3a + 1) + 8] = 2[(a + 1)? + 23] 
= 2(a + 3)[(a + 1)? — 2(a + 1) + 4] = 2(a + 3)(a? +3). 


Example 5. Factorize (i) z^ + 22? + 7x? + 6x — 7; (ii) x? + 9x? + 23a +15. 
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Solution Let y = x? + z. Then 


() 24 + 223 +712 +62 -— 7 = 12(22 + х) + e(z? +2) +6(22 +2) – 7 
= (x? +x +6)(202 + z) — 7 = y? 4-6y — 7 = (у +7)(у — 1) 
= (az? +x +7) (22 +z- 1). 

(i) 28 +922 + 23x + 15 = z?(x +1) + 8r(z +1) + 15(x + 1) 
= (x + 1)(z? + 8x + 15) = (x + 1) (x + 3) (2+ 5). 


Example 6. Factorize (i) (a+ 1) (2+2) (а + 3)(a + 4) — 120; (ii) z? + z 4 1. 
Solution 


G)  (a- 1)(a- 2)(a 4- 3)(a + 4) — 120 

(a + 1)(a + 4)][(a + 2)(a + 3)] — 120 

a? + 5a + 4)(a? + 5a + 6) — 120 

(a? + 5a + 5) — 1][(a? + 5a 4- 5) + 1] — 120 

a? + 5a + 5)? — 121 = (a? + 5a + 5)? — 112 

a? + 5a — 6)(a? + 5a + 16) = (a — 1)(a + 6)(a? + 5a + 16). 


Il 


| 
= (а? 
zu 
= 
= ( 


(i) а +5+1= (25 – 22) + (02 +5 +1) 
= a?(x? — 1) + (zx? +x +1) 
= 12(02 — 1) (22 +£ +1) + (3? +5 41) 
= (a? + x + 1)[z? (x — 1) + Tew Hr 


+ 1)(z? — z? + 1). 


Example 7. Factorize (2y — 3z)? + (32 — 4x)? + (42 — 2y)?. 


Solution Let2y — 32 = а, 32 — Ar = b,4r — 2y = c, then a +b + c = 0. 
Hence 
(2y — 3z)? + (32 — 4x)? + (4x — 2y)’ = а? + + 2 
= (a? + b? + c? — 3abc) + 3abc 
= (a + b + c) (a? + b? + c? — bc — ca — ab) + 3abc 
= 3abc = 3(2y — 3z)(3z — Ax)(4x — 2y). 


Example 8. Factorize (За + 3b — 18ab)(3a + ЗЬ — 2) + (1 — 9ab)?. 


Solution The given expression is symmetric in За and 3b, so we use и = 
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За + 3b, v = (3a)(3b) to simplify the expression. Then 
(3a + 3b — 18ab)(3a + 3b — 2) + (1 — 9ab)? = (u — 2v)(u — 2) + (1 — v)? 
= u? — 2uv — 2и + 4v + v? — 2v + 1 = (и? – 200 + v?) -2(v — и) +1 
=(v—u)?+2(v—u)+1=(v-utl)? 
= (9ab — За — 3b + 1)? = [(3a — 1)(3b — 1)? = (За — 1)?(3b — 1)?. 


Note: Do not stop at (v — u + 1)?. 


Example 9. Factorize 2? + Try — Ay? — 3x + бу — 2. 


Solution Considering 2z? + Тху — 4y? = (2x — y)(x + 4y), let 
22? + Тху — Ay? — 3x + бу — 2 = (2x — y + a)(x + 4y + b). 


By expending the product, it is obtained that 


(2x — y + a)(z + Ay + b) = 2z? + Try — Ay? + (a + 2Ь)х + (4a — b)y + ab. 


By the comparison of coefficients, the following system of equations is obtained 


a+2b = -3 (6.1) 
4a—b = 6, (6.2) 
ab = —2. (6.3) 


Then 2 x (6.2) + (6.1) yields 9a = 9, i.e. а = 1. From (6.2), = 6 — 4a = —2. 
Since (a,b) = (1, —2) satisfies (6.3), and it is the unique solution, we obtain 


22? + Tay — Ay? — 3a + бу — 2 = (2x — y + 1) (x + 4y — 2). 


Example 10. Given that x — 542 + 4r has a factor (x — c)? for some constant c. 


Prove that д? = r^. 


Solution If c = 0, then x? | 2? — 552 + Ar = т = q = 0, the conclusion is 
true. When c Z 0, the condition means 


z? — Бал + Ar = (x? — 2ex + c?)(x? + ax? + bx + d) 
= 25 + (a — 2c)z* + (c? + b — 2ac)z? + (ac? — 2bc + d)a? 
t (bc? — 2cd)x + c?d. 


Then the comparison of coefficients yields the following equations: 


ár 5 
с? 


а = 2с, Ь= 2ас—  —3c?, d = 2с – ac? = 4c? 


Further, 
5q = 2cd — be? = 8c* — 3c* = 5c* = д = с. 


Thus, q? = с20 = г“. 


Lecture Notes on Mathematical Olympiad 


Testing Questions (А) 


1. Factorize the following expressions 


@) 2° + 71283 + Тху + у"; 

(1) Az? + y? + 922 — буг + 1222 — Ату; 
(iii) (a? — 1)(x + 3)(x +5) + 16; 

(v) | (22? — Ax +1)? — 1422 + 28x + 3; 
(v)  z? —3z? + (at 2)x — 2a; 

(vi)  zH-ax94...L2?-E r4 1. 


2. Factorize the following expressions 


(i) z^ — 2(a? + b?)a? + (a? — 2)2; 
Gi)  (ab+1)(a+1)(b+1) + ab. 
3. Prove that 81° — 9. 277 — 9! is divisible by 45. 


2n digits n digits 


5. Factorize the following expressions 


@) (22 +a-1)?+2?+2-3=0; 

(ii)  (r—y)j-(y-z-2)95-48 

(ii) (62+ 5)?(3z + 2)(x + 1) — 6; 

Gv) (x? 5x + 6)(z? + 6x + 6) — 222; 

(V) _ (z? — 22)? + (x? — 4x + 2)3 — 8(z? — 3x 


Prove that 33 --- 33 — 66---66 is a perfect square number. 
—— NS 


(vi а +8 E C? + (a + b)(b 4- c)(c 4- a) — 2abc. 
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6. Use the coefficient-determining method to factorize the following expres- 


sions. 


(i) Given the expression x? + zy — 2y? + 8x + ay — 9. Find possible 
values of the constant a, such that the polynomial can be factorized 


as product of two linear polynomials. 
(i) я-а +4422 +32 + 5. 


7. Given that y? --3y-- 6 is a factor of the polynomial y* — 6y? + my? 


Find the values of constants m and n. 


FE ny +36. 
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Testing Questions (В) 


Factorize 2(z? + 6x + 1)? + 5(z? + 1) (22 + 6х + 1) + 2(z? + 1)?. 


(CHINA/2001) If £? + 22 + 5 is a factor of z^ + ax? + b, find the value of 
a + b. 


Factor (ab + cd)(a? — b? + c? — d?) + (ac + bd)(a? + b? — с? — 0). 


Factorize (ay + bx)? + (ax + by)? — (a9 + 03) (a? + y3). 


Given that a, b, c are three distinct positive integers. Prove that among the 
numbers 
ab — ab?, Бс — с, са — са?, 


there must be one that is divisible by 8. 


Lecture 7 


Absolute Value and Its Applications 


For any real number a, we define its absolute value, denoted by |a|, as follows: 


а, ifa>0 
la| = 4 0, ifa —0 
—a, ifa <0. 


Geometrically, any real number a is denoted by a point on the number axis, 
and the absolute value of a is the distance of the point representing a from the 
origin of the number axis. 


k |а| = a < || = b — 


o> 
b Number Axis 


EI j 
o 


More general, the expression |a — b| denotes the distance between the points 
on the number axis representing the numbers a and b. 

When taking absolute value to any algebraic expression, a non-negative value 
can be obtained always from it by eliminating its negative sign if the value of the 
expression is “—”. This rule is similar to that of taking square to that expression. 


Basic Properties of Absolute Value 


1. la] = |— al; 

2. —|a| € a < |a]; 

3. |а = |b| if and only if a = bora = —b. 
4. [а" | = |а|" for any positive integer n; 
5. |ab| = |а| - |bl; 
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а |а|. 

2| Il ifa 40; 

5 | [а 
7; la +b] < |a| + |b. 


Examples 


®— |211. PE 
Example 1. Is there a real number x such that [Дай n is a positive number? 
a 


Solution It is clear that x Z 0. 


æ- lell _ le-a] _ 0 


For x > 0, = 0. 


x a x 
lz = |æ|| |2 (2) _ |22]  —2x 


For x < 0, 2. 


x x x x 
Thus, there is no real number z such that the given fraction is positive. 


Example 2. If a,b,c are non-zero real numbers, find all possible values of the 
с 


lel 


expression 2 + pol 4 


lal 
А 2 x T 
Solution Since — = 1 for any x > 0 and jail = —] for any = < 0, 
x 2 
а b c | А 
+ — —3 if a,b,c are all negative; 
а b с 
а b c . А 
+ + = —] if exactly two of a, b, c are negative; 
а b с 
b 
dH ge ARE e 1 if exactly one of a, b, c is negative; 
[n b с 
b 
nome dei etapa a, b, c are all positive. 
a b с 


Thus, the possible values of the given expression are —3, —1, 1 and 3. 


Example 3. Determine the condition for the equality = = й P £ 
Solution The given equality implies that a # 0 and É — d Exon т 3 
therefore а, < 0. Since 
а= 0 


epe uit Рр Т 
а а а 
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"m . b 
the condition on a and b is — > 1. 
а 


1 
Example 4. а, b, c are real numbers satisfying (3a + 6)? + | 1° —10)+|c+3] = 0. 
Find the value of a!? + bc. 
Solution Each term on the left hand side of the given equality is non-negative, 
we must have ; 
3a+6=0 ge 19.0 c+3=0 


at the same time, therefore a = —2, b = 40, с = —3, so that 
aJ? + be = (—2)" + (40)(—3) = 1024 — 120 = 904. 
Example 5. Given 1 < x < 3, simplify the following expressions: 


|x — 3| |а — 1| 


1-3 (1-2) 


(ii) |e — 1| + |3 — zl]. 


Solution For simplifying an expression with absolute values, it is needed to 
convert it to a normal expression by removing the absolute signs. For this, we 
need to partition the range of x into several intervals, so that on each interval the 
sign of the expression is fixed (only positive or only negative). For example, for 
removing the absolute signs of |x — 3|, itis needed to take x — 3 = 0, i.e. т = 3 as 
the origin, and the sign of x — 3 changes at this point: it is positive when x > 3, 
and negative when x < 3, so it is needed to discuss |x — 3| for > 3 and z < 3 
separately. Thus, since the range of = is right to 1 and left to З, 


©  z—3«0andz-—1 > Oimplies |x —3| = -( — 3), |z - 1] = z— 1, 
therefore 


|х—3| |т—1] _—(@б—3) —1_ 
1-3 (l-z) 2-3 l-g 


(-1) 20. 


(ii) Ву the same reason, |x — 1| + |3 — x| = (x — 1) + (3 — x) = 2. 
Example 6. Given 1 < x < 3, simplify |x — 2| + 2|z|. 


Solution The zero points of [x — 2| and |x| are x = 2 and x = 0 respectively, 
it is needed to partition the range of x into two intervals: 1 < z < 2 and 2 < x < 
3. 

G  Whenlcztz2, |v—-2|-2|y| 22— z -2r 2 2 x; 
GD when2<a2<3, |т—2|+2|т|=х—32-2х = 3x — 2. 


Example 7. Simplify [2 + 2 - 7| - |7 — |y — 5|| for —2 < x < 5. 
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Solution We remove the absolute signs from inner layers to outer layers. 
Since xz + 2 > 0andr—5«90, 


lle + 2| — 7| — |7 = |x — 5|| = 1 + 2) – 7| = |7 (5 — x)| 
= |æ — 5| — |2 + z| = (5 — x) – (2 + x) = 3 – 2м. 


Example 8. (AHSME/1990) Determine the number of real solutions of the equa- 
tion |x — 2| + |x — 3| = 1. 
(A) 0 (B)1 (O 2 (D)3 (Е) more than 3. 


Solution We need to discuss Three cases: z < 2; 2 < x < 3, апаз < z. 
(i) When x < 2, 


jz — 2| + |x — 3| = 1 & (2-2) + (3-2) = 1 ә x = 2; 
Gi) When2 < z< 3, 
|z — 2| + |e — 3| = 1 & (zx — 2) + (3 — x) = 1 & апух € (2, 3] is a solution. 
Thus, the answer is (E). 


Example 9. Let the positions of points on the number axis representing real num- 
bers a, b, c be as shown in the following diagram. Find the value of the expression 


|b — a| + |a — e| + |c — 9]. 


> 


e + + 
C b 0 a number axis 


Solution From the diagram we find that c < b < 0 < a < —c, therefore 


[b —al + [а= c| + |c- b| = (a — b) - (ac) +b- c = 0. 


Thus, the value of the expression is 0. 


Example 10. Given m = |2 + 2| + |x — 1| — |2x — 4|. Find the maximum value 
of m. 


Solution We discuss the maximum value of m on each of the following three 
intervals. 


(G) When z < —2,then 


(ii) When —2 < x < 1, then 


m = (x + 2) — (x — 1) + (2x — 4) = 2x -1 < 1. 
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(ii) When 1 < x < 2, then 


m = (x +2) + (x — 1) + (22 — 4) = 4 —3 € 5. 
(iv) When 2 < 2, then 
m = (x -- 2) + (x — 1) + (4 22) = 5. 
Thus, Mmax = 5. 
Example 11. Let a < b < c, Find the minimum value of the expression 
у= |z — a| + |x — b| + |æ — dl. 


Solution 
G) When z< a, 


y = (a— x) + (b— z) + (c — x) > (b — a) + (c — a). 
(ii) Whena < x < b, 


у= (x—a)+(b—x)+(c— 2) = (b—a)4+(c—2) > (b—a)+(c—b) = с-а. 


(iii) Whenbd<2<c, 


y = (a@—a)+(x—b)+(c—2) = (2-а) + (c—-0) > (b—a)+(c—b) = с-а. 


(iv) Whence < zx, 


у= (2-а) + (== b)+ (2-с) > (b-—a)+(c—b)+ (2-с) > с-а. 


Thus, ymin = c — a, and у reaches this minimum value at x = b. 
Testing Questions (А) 


1. Simpify EI 
x 


2r — 1 5 — 3x 


2. Given that — 1 > 2 — ———. Find the maximum and minimum 


values of the expression |x — 1| — |x + 3]. 


3. Ifreal number z satisfies the equation |1 — z| = 1+ |z|, then |x — 1| is equal 
to 


(А) 1, (B) -(x — 1), (O) x — 1, (D) 1— =. 
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10. 
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What is the minimum value of |x + 1| + |æ — 2| + |x — 3|? 


—2 
If x « 0, find the value of ү о. 


Given а < b < c < d, find the minimum value of |x — a| + |x — b| + |£ — 
c| + |x — 4]. 


If two real numbers a and b satisfy |a + b| = a — b, find the value of ab. 


Given that a, b, c are integers. If |a — b|!? + |c — а|!9 = 1, find the value of 
c — a| + |a — b| + |b — с. 


Given а = 2009. Find the value of |2a? — 3a? — 2a + 1| — |2a? — За? — За 
2009]. 


a, b are two constants with |a| > 0. If the equation ||x — a| — b| = 3 has 
three distinct solutions for ж, find the value of b. 


Testing Questions (B) 


Given that n real numbers 21, z5,..., c, satisfy |x;| < 1 (i = 1,2,...,n), 
and 
joi] + |z2| +--+ + |En] = 494+ |i + $2 e mul. 


Find the minimum value of n. 


Given that a4 < ag < --- < аһаге constants, find the minimum value of 
|z — a| + |£ — a3] +--+ + |£ — anl. 


When 22+ |4—52|+|1—32|+4 takes some constant value on some interval, 
find the interval and the constant value. 


Given that real numbers a, b, c are all not zero, and a 4- b -- c — 0. Find the 


value of 2200 — 20072 + 2007, where z = а! + Ib ic | 

b+c a+c a+b 

The numbers 1,2,3,--- ‚199,200 are partitioned into two groups of 100 
each, and the numbers in one group are arranged in ascending order: a, < 
ао < аз < +++ < алоо, and those in the other group are arranged in de- 
scending order: bı > bo > ba > --- > bg > bı. Find the value of the 
expression 


[а — by| + [a2 — b2| + +++ + [адо — 599] + [алоо — P100]. 


Lecture 8 


Linear Equations with Absolute Values 


To solve a linear equation with absolute values, we need to remove the absolute 
value signs in the equation. 

In the simplest case |P(x)| = Q(x), where P(x), Q(x) are two expressions 
with Q(x) > 0, by the properties of absolute values, we can remove the absolute 
value signs by using its equivalent form 


Р(х) = (=) or P(x) =—-Q(z) or (P(z)?-(Q(x)). 


If there аге more then one pair of absolute signs in a same layer, like [ах + 
b| — |сж + d| = e, it is needed to partition the range of the variable x into several 
intervals to discuss (cf. Lecture 7). 


Examples 


Example 1. Solve equation |3x + 2| = 4. 
Solution То remove the absolute signs from |3x + 2| = 4 we have 
|3z + 2| = 4 = 3r + 2 = —4 or 32 +2 = 4, 
<> 3r=-6 or Зх = 2, 
2 
2 = —2 ог 2 = с. 
3 
Example 2. Solve equation |x — |32 + 1|| = 4. 

Solution For removing multiple layers of absolute value signs, we remove 
them layer by layer from outer layer to inner layer. From the given equation we 
have x — |3z + 1| = 4or z — |3z + 1| = —4. 

From the first equation z — |32 + 1| = 4 we have 


z—|3z41|24 4> 0 € 2-4 = |3z41| & —24-4 = 3x41 or x—4 = 3x41, 
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3 5 | : : 
therefore x = — or x = ——, which contradict the requirement x > 4, so the two 


solutions are not acceptable. 
The second equation x — |3x + 1| = —4 implies that 


2 82+ 1| = —4 4> 0 < 2+4 = |35 + 1| 
4 -1-4=3і+1 о 2+4 = 32 +1, 


5 3 
therefore zı = =F ло = p: 


Example 3. Solve equation |||z| — 2| — 1| = 3. 
Solution There are three layers of absolute values. Similar to Example 2, 


Ша] = 2| — 1] = 3 < ||z| - 2/2123 or ||| - 2 - 15 -3 


«= ||x| - 2/ 2 4 or ||z| — 2| — 1| = —2 (no solution) 
«= |z|- 2 = 4 or |z| 2 = —4 <> |z| = 6 or |x| = —2 (no solution) 
|x| 6 X1 6, T2 = —6. 


Example 4. If |x — 2| + x — 2 = 0, then the range of 2 is 
()r»2, (Bz«2, (От>2, (@)х<2. 


Solution The given equation produces |x — 2| = 2 — x, so x < 2 and 


|к—2|=2—х т—2=2—хж or т—-2=хж—2‹=—хт=2 or х<2. 
Since x = 2 is contained by the set x < 2, the answer is x < 2, i.e. (D). 


Example 5. If ||4m + 5| — b| = 6 is an equation in m, and it has three distinct 
solutions, find the value of the rational number b. 


Solution From the given equation we have (i) |4m + 5| — b = 6 or (ii) 
Ит + 5| — b = —6. 

If (1) has exactly one solution, then b + 6 = 0, і.е. b = —6 which implies 
(ii) should be |4m + 5| = —12, so no solutions. Thus b #4 —6 and (i) has two 
solutions but (ii) has exactly one solution, so b — 6 = 0, i.e. b = 6. In fact, when 
b = 6 then (i) becomes |4m + 5| = 12, 


4m + 5 = 12 ог 4m + 5 = —12, 


and, from (ii) the third root m = — T 


Example 6. Solve equation |x — 1| + 2|y| – 33: + 1| — |x + 2] = x. 
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Solution Letting each of |x — 1, |2], |x + 1|, |x + 2| be 0, we get x = 
1,0, —1,—2. By using these four points as partition points, the number axis is 
partitioned as five intervals: x < —2, —2 < x < —1, -1<2< 0, 0 <= < 
1.16720, 


(i) When x < —2, then 
(1-2) + 2(—2) + 8(a@ + 1) + (zx + 2) = x < 6 = 0, „©. no solution; 
(ii) when —2 < 2 < —1, then 
(1-2) +2(-2) +3(2+1) – (2+2) = х, <= x= 1 ..no solution; 


(ii) ^ when —1 < x < 0, then 
1— xz +2(—r)-—3(x + 1) – (2+2) =2,— 8r = —4, .:--— 


(iv) when0 < x < 1, then 
(1— z) + 22 — 3(z--1)— (2+2) = x — 4r = —4, (х= -1, 
therefore no solution; 
(v) when 1 « z, then 
(ж — 1)+2ж—3(жт+1)—-(хт+2)=х 2y = —6 т=—3 
therefore no solution. 


Thus z = — 2 is the unique solution. 


Example 7. If |x + 1| + (y + 2)? = 0 and ax — 3ay = 1, find the value of a. 
Solution Since |x + 1| > 0 and (y + 2)? > 0 for any real x, y, so z - 1— 0 
and y + 2 = 0, i.e. x = —1,y = —2. By substituting them into ax — 3ay = 1, it 


follows that —a 4- 6a — 1, therefore a — 5 


Example 8. How many pairs (x,y) of two integers satisfy the equation |xy| + 
|Ir-y| = 1? 


Solution |ту| > 0 and |x — y| > 0 implies that 
@| |xy| = 1,|z— y| 20 ог GD |а| = 0,|a — y| ^ 1. 


(i) implies that x = y and 22 = y? = 1, so its solutions (x, y) are (1,1) or 
(—1,-1). 

(ii) implies that at least one of z,y is 0. When x = 0, then |y| = 1, i.e. 
y = +1; if y = 0, then |z| = 1, i.e. x = +1. Hence the four solutions for (x, y) 
are (0, 1), (0, —1), ((1,0), (—1, 0). 

Thus there are 6 solutions for (x, y) in total. 


Example 9. If |= + 1| — |x — 3| = a is an equation in z, and it has infinitely many 
solutions, find the value of a. 
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Solution Ву —1,3 partition the number axis into three parts: x < —1, —1 < 
@ << 3, 3 < =. 


(i) When 2 < —1, then 
—(z--1) - (8—x) = а < —4 = a. Therefore any value of x not greater 
than —1 is a solution if a — —4. 

(ii) When —1 « x < 3, then 
(2+1) – (3 — x) =a = 2x = a +2 € x = (а + 2), ie. the 
solution is unique if any. 

(i) | When3 < zx, then 
(ж + 1) — (x — 3) = а < 4 = a. Therefore any value of x greater than 
3 is a solution if a = 4. 


Thus, the possible values of a are —4 and 4. 


Example 10. (AHSME/1988) If |z| + z + y = 10 and x + |y| — y = 12, find 
zy. 


Solution There are four possible cases: (1) х,у > 0; (i) х,у < 0; (ш) 
x >0,y < Оапа (iv) z € 0,y > 0. 


0) If x >0,y > 0 then 2x + y = 10,2 = 12 y < 0, a contradiction, so 
no solution; 


(ii) If x < 0 and y < 0, then y = 10, a contradiction, so no solution; 


(ап) If x > 0,y < 0, then 2z + y = 10, — 2y = 12. By eliminating y, we 
32 14 


have z — 


E so у = EC 


18 
Thus, 2 + y = ci 


Testing Questions (A) 


1. Solve equation |5x — 4| — 2a = 3. 


2. (CHINA/2000) a is an integer satisfying the equation |2a + 7| + |2a — 1| = 8. 
Then the number of solutions for a is 


(A) 5 (B)4 (C) 3 (D) 2. 
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3. (AHSME/1984) The number of distinct solutions of the equation |z — |2x + 
1|| = 3 is 
(A)0, (В) 1, (C2, (D)3, (E)4. 

4. (CHNMOL/1987) Given that the equation |x| = ax + 1 has exactly one 
negative solution and has no positive solution. then the range of a is 
(А)а > 1, (В) а= 1, (С)а> 1, (р) попе of preceding. 

5. (CHNMOL/1986) If ће equation ||z — 2| — 1| = а has exactly three integer 
solution for x, then the value of a is 
(А)0, (BL (O2  (D)3 


6. Ifthe equation SOUR |x| — 2 — 2008 = 0 has only negative solutions for x, 


find the range of a. 


7. Inthe equations in x 
(i) |32 —4|+2m=0, (ii) Их —5| + 3п = 0, (iii) [5a — 6| + 4k = 0, 


m,n, k are constants such that (i) has no solution, (ii) has exactly one solu- 
tion, and (iii) has two solutions. Then 


(A)m>n>k, (В) п> к> т, Ok>m>n, (0) т> Кр п. 


8. Solvethe system of simultaneous equations 


|r-y|-zty-2, 
jo + y| = 2+ 2. 


9. (AHSME/1958) We may say concerning the solution of |z|? + |v| — 6 = 0 
that: 


(А) there is only one root; (B) the sum of the roots is 1; 
(C) the sum of the roots is 0; (D) the product of the roots is +4; 
(E) the product of the roots is —6. 


10. (CHINA/2001) Solve the system x + 3y + |32 — y| = 19,2x + y = 6. 


Testing Questions (В) 


1. Solve the system 


|| + |y| = 2. 
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(CHINA/1990) for the equation with 4 layers of absolute value signs ||||z — 
1|-1|-1|-1| = 0, 
(A) the solutions are 0, 2, 4; (B) 0, 2, 4 are not solutions; 
(C) the solutions are within the three values 0, 2, 4; 
(D) 0, 2,4 are not all of the solutions. 
(CHNMOL/1995) Given that a, b are real numbers satisfying the inequality 
la] — (a + b)| < la — |a + b], then 
(A)a>0,b>0 (B)a<0,b>0 (C)a»50,05b «0 (D)a«0,b «0. 
1. _ 1 
lr-2| |x — 52a| 
(i) solve the equation, (ii) prove that the solutions must be composite num- 
bers if a is the square of an odd prime number. 


Given that is an equation in c, 


(1MO/1966) Solve the system of equations 


[а — ао| £2 + |а — аз| za + |а — a4| x4 = (1 
lao — а | 21 + |a» — аз| xa + |a» — a4| z4 =1 
lag = а1| 2] + |as — a2| x2 + [аз — а| z4 =1 
la4— ai|z1 -|a4— а| 29 + |а — аз| xa = 


where a1, a2, аз, a4 are four different real numbers. 


Lecture 9 


Sides and Angles of a Triangle 


Basic Knowledge 


1. For any triangle, the sum of lengths of any two sides must be longer than 
the length of the third side. In other words, the difference of lengths of any 
two sides must be less than the length of the third side. 

2- The sum of three interior angles of a triangle is 180°. 

3. The sum of all interior angles of an n-sided polygon is (n — 2) x 180°. 

4. The sum of all exterior angles of an n-sided polygon is 360°. 

5. An exterior angle of a triangle is equal to the sum of the two opposite 
interior angles. 

6. For a triangle, the opposite side of a bigger interior angle is longer than 
that of a smaller angle, and vice versa. 

7. For triangles АВС and A,B,C), if AB = A,B,,CB = СВ}, then 
AC > АС if and only if ZABC > ZA, BC. 

Examples 

Example 1. 

(1) | When each side of a triangle has a length which is a prime factor of 2001, 
how many different such triangles are there? 

(2) How many isosceles triangles are there, such that each of its sides has an 


integral length, and its perimeter is 144? 


Solution (1) Since 2001 — 3 x 23 x 29, The triangles with sides of the 


following lengths exist: 


{3,3,3}; {23,23,23}; {29,29,29}; 
{3,23,23}; {3,29,29}; {23,29,29}; {23,23,29}. 


There are 7 possible triangles in total. 
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(2) Suppose that each leg of the isosceles triangle has length n, then its base 
has a length 144 — 2n — 2(72 — n), i.e. the length of the base must be even. 

(i) If n > 144 — 2n, i.e. 3n > 144, then n > 48. Since 2n < 144 — 2 = 142, 
i.e. n < 71, we have 48 < n < 71, there are 24 possible values for n. 

(i) If n « 144 — 2n, then n < 48. From triangle inequality, 2n > 144 — 2n, 


i.e. n > 36, then 36 < n < 48, so n has 47 — 36 = 11 possible values. 
Thus, there are together 24 + 11 = 35 possible isosceles triangles. 


Example 2. Given a convex polygon of which the sum of all interior angles ex- 
cluding one is 2200°. Find the excluded interior angle. 


Solution Since the sum of interior angle of a n-sided convex polygon is 
(n — 2) - 180°, from 


2200? = 12 x 180? + 40? = 13 x 180? — 140°, 
it follows that that n = 13 + 2 = 15, and the excluded angle is 140°. 


Example 3. As shown in the diagram below, in AABC, ZB > ZC, AD is the 


1 
bisector of ће ZBAC, АЕ 1 BC at E. Prove that ZDAE = zB — ZC). 
Solution Since 
ZBAD = iZBAC = 1(180° —ZB — ZC) Ж 
90° — ZB — +/С, 
ZDAE = ZBAD-ZBAE 
= ZBAD – (90° — ZB) 
— о 1 | о 
= 90° – (48+ ZC) – 90 +В в ED C 


= l(ZB- ZO). 


Example 4. (AHSME/1956) In the figure below AB = AC, ZBAD = 30°, and 
AE = AD. Then ZC DE equals: 
(A) 7.52, (В) 10°, (C)12.5°, (D)15?, (Б) 20°. 


Solution Let ZCDE = х, then 


т = ZADC -ZADE = ZADC — ZAED д 
= ДАРС — (x+ ZC), 
1 $0 E 
т = 5(ZADC – ZC) 


1 
5(&В + 30° — ZC) = 15°. 
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Example 5. As shown in the figure, AB = BC = CD = DE= EF — FG 
GH, Za = 70°. Find the size of Z0 in degrees. 


A 


B D F H 


Solution ZA = => ZACB = B > ZCBD = 28 > ZCDB = 28 


= ZECD = 38 = ZCED =38 = ZEDF = 48 > ZEFD = 48 
=> “СЕЕ = 56 > “ЕСЕ = 58 > “СЕН = 68 > ZGHF = 68 
= До = TP. 


Therefore 8 = 10°. 


Example 6. As shown in the diagram, ВЕ and СЕ bisect ZABD and ZACD 
respectively. ВЕ and CF intersect at С. Given that ZBDC = 150? and 
ZBGC = 100°, find ZA in degrees. 


Solution Connect BC. Then 


- ZBDC + ZDBC + ZDCB = 180°, 

<. ZDBC + ZDCB = 180° — 150° = 30°. 

-- LBGC + ZGBD + ZGCD + ZDBC + ZDCB 
= 180°, 

©. ZGBD + ZGCD = ZBDC — ZBGC = 50°. 


Hence 


ZABD + ZACD = 2-50? = 100°, 


ZA = 180° — 100° — 30° = 50°. B C 


Example 7. (CHINA/1986) As shown in the figure, in A ABC, the angle bisec- 
tors of the exterior angles of ZA and Z B intersect opposite sides at D and E 
respectively, and AD — AB — BE. Then the size of angle A, in degrees, is 


(A) 10°, (B) 11°, (C)12?, (D) none of preceding. 
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Solution Let ZA — ZE — o, ZD — 


ZABD 

= 8, СВЕ = y, ZACB = ô. Then 8 = 2y E 
and В — а+ 0, d=yta,..8=2a+74. C 

From 2y = 8 = 20 + y, we obtain y = 2a,so А 

DB = 4a. B 


1 
E: 3 (180° — a) +28 = 180°, 
2.48 — а = 180°, 
16a — a= 180°, р 
о Д2 А997 


Example 8. There are four points A, В, C, D on the plane, such that апу three 
points are not collinear. Prove that in the triangles ABC, ABD, ACD and BCD 
there is at least one triangle which has an interior angle not greater than 45?. 


Solution It suffices to discuss the two cases indicated by the following figures: 


C C 


(a) (b) 


For case (a), since ZDAB + АВС + ZBCD + ZCDA = 360°, at least 
one of them is not less than 90°. Assuming LCDA > 90°, then in ACDA, 
АРСА + ZCAD < 90°, so one of them is not greater than 45°. 

For case (b), since ZADB + ZADC + ZBDC = 360°, one of the three 
angles is greater than 90°, say ZADB > 90°, then ZDAB+ ZDBA < 90°, so 
one of ZDAB and ZDBA is less than 45°. 


Example 9. Given that in a right triangle the length of a leg of the right angle 
is 11 and the lengths of the other two sides are both positive integers. Find the 
perimeter of the triangle. 
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Solution From the given conditions we 
have 

n? = m? + 112, 11 g 

n? — m? = 11?, 


(n—m)(n +m) 2121 2 1-121 — 11. 11, A 
therefore 
n —m —1,n4 m = 121 or n —m —1l,n-4 m = 11, 


лп = 61,т = 60. (n = 11, m = 0 is not available.) 


Thus, the perimeter is 11 + 61 + 60 = 132. 


Testing Questions (А) 


1. The sum ofall interior angles of a convex n-sided polygon is less than 2007°. 
Find the maximum value of n. 


2. (AHSME/1961) In AABC, AB — BC. The points P and Q are on the sides 
ВС and AB respectively, such that AC = AP = PQ = QB. then the size 
of Z B (in degrees) is 


(А) 252, (В) 261, (С) 30, (р) 40, (E) not determined. 


3. (CHINA/1997) In a right-angled AABC, ZACB = 90°, E, F аге on АВ 
such that AE = AC, BF = BC, find ZECF in degrees. 


4. If the perimeter of a triangle is 17, and the lengths of its three sides are all 
positive integers, find the number of such triangles. 


5. Given that the lengths of three sides, a, b, cof a triangle are positive integers, 
where a « b < c. Find the number of the triangles with b = 2. 


6. Ina right-angled triangle, if the length of a leg is 21, and the lengths of the 
other two sides are also positive integers, find the minimum value of its 
possible perimeter. 


T. (AHSME/1978) In ЛАРЕ, ZADE = 140°. The points В and C are on the 
sides AD and AE respectively. If AB = BC = CD = DE, then ZEAD, 
in degrees, is 


(A) 5°, (В) 6°, (С) 7.5°, (р) 8°, (Е) 10°. 
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8. (AHSME/1977) In AABC, AB = AC,ZA = 80°. If the points D, E, F 
are on the sides BC, C A and AB respectively, such that CE — CD, BF — 
BD, then ХЕРЕ, in degrees, is 


(A) 30°, (В) 40°, (C)50°, (D)65?, (БЕ) none of preceding. 
9. Ifthe lengths of three sides of a triangle are consecutive positive integers, and 


its perimeter is less than or equal to 100, how many such acute triangles are 
there? 


10. (AHSME/1996) Triangles ABC and ABD are isosceles with AB = AC = 
BD, and AC intersects BD at E. If AC is perpendicular to BD, then 
ZC + ZDis 


(A) 115°, (В) 120°, (С) 130°, (D)135?, (Е) not uniquely determined. 


Testing Questions (B) 


1. (CHINA/1991) In AABC, ZA = 70°, D is on the side AC, and the angle 
bisector of ZA intersects BD at Н such that AH : HE = 3 : 1 and 
BH : HD = 5:3. Then ZC in degrees is 


(A) 45°, (В) 55°, (С) 75°, (D)80*. 

2. (CHINA/1998) In triangle ABC, ZA = 96°. Extend ВС to an arbitrary 
point D. The angle bisectors of angle ABC and ZAC D intersect at А}, 
and the angle bisectors of LA; BC and Z А; СР intersect at A», and so on. 
The angle bisectors of 7A,BC and Z A4CD intersect at As. Find the size 
of / As in degrees. 

3. In AABC, AB = AC,D,E,F are on AB, ВС, СА, such that DE = 
EF — FD. Provethat ZDEB — z ADF +ZCFE). 

4. Inright-angled AABC, ZC = 90°, E is on BC such that AC = BE. Dis 

1 
оп AB such that DE L BC. Given that DE + BC = 1, BD = 2' find 
Z B in degrees. 
5. (MOSCOW/1952) In Л АВС, AC = BC, ZC = 20°, M is on the side AC 


and N is on the side BC, such that LBAN = 50°, ZABM = 60°. Find 
ZN M B in degrees. 


Lecture 10 


Pythagoras’ Theorem and Its Applications 


Theorem I. (Pythagoras! Theorem) For a right-angled triangle with two legs a,b 
and hypotenuse c, the sum of squares of legs is equal to the square of its hy- 


potenuse, i.e. а? + b? = c. 


Theorem П. (Inverse Theorem) If the lengths a,b, с of three sides of a triangle 


have the relation a? + b? = c?, then the triangle must be a right-angled triangle 
with two legs a,b and hypotenuse c. 


When investigating a right-angled triangle (or shortly, right triangle), the fol- 
lowing conclusions are often used: 


Theorem III. A triangle is a right triangle, if and only if the median on one side 
is half of the side. 


Theorem IV. /fa right triangle has an interior angle of size 30°, then its opposite 
leg is half of the hypotenuse. 


Examples 


Example 1. Given that the perimeter of a right angled triangle is (2 + V6) cm, 
the median on the hypotenuse is 1 cm, find the area of the triangle. 


Solution The Theorem III implies that AD = BD = CD = 1, so AB = 2. 
Let AC — b, BC — a, then 
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a? +b —2? —4 and a+b= v6. B 
Therefore 6 = (a + b)? = a? + b? + 2ab, so A 
6—4 
= —— = 1 
ab 5 ; 
A C 


1 
the area of the triangle ABC is Ў 


Example 2. As shown in ће боше, ZC = 90°, Z1 = Z2, CD = 1.5 ст, 
BD = 2.5 cm. Find AC. 


Solution From D introduce DE 1 AB, intersecting AB at E. 
When we fold up the plane that АСАР lies 


along the line AD, then C coincides with E, so C 


АС = АЕ, РЕ=СР=1.5 (cm). D 
By applying Pythagoras’ Theorem to ABED, 
ВЕ = ү BD? — DE? = у6.25 — 2.25 = 2 (ст). B E 


Letting AC = АЕ = x cm and applying Pythagoras’ Theorem to А АВС leads 
the equation 


B 


(ж + 2)2 = r? + 42, 
Ag 2.03 —9. 


Thus AC = З ст. 


Example 3. As shown in the figure, ABC D is a square, P is an inner point such 
that PA: PB: PC =1 : 2 : 3. Find LAPB in degrees. 


Solution Without loss of generality, we assume that PA = 1, РВ = 2, PC 


3. Rotate the AAPB around B by 90? in clock- 
wise direction, such that Р — Q, A — C, then 


АВРО) is an isosceles right triangle, therefore C 
\ 
РО? = 2РВ? = 8,CQ? = РА? = 1, ,Q 
i 
therefore, by Pythagoras' Theorem, l 


РС? = 9 = CQ? + PQ?, /СОР = 90°. Via И. 


Hence ZAPB = ZCQB = 90° + 45° = 185°. А B 
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Example 4. (SSSMO(J)/2003) The diagram shows a hexagon ABC DEF made 
up of five right-angled isosceles triangles ABO, BCO, CDO, DEO, EFO, and 
a triangle ДОР, where О is the point of intersection of the lines BF and АЕ. 
Given that OA = 8 cm, find the area of AAOF in cm?. 


Solution From 


OC = +;0B =(4;)?0A= 50А, C 
1 1 D 
Since RLAEFO ~ RtA ABO, 5 PN 
ЕЕ = ОЕ = ІОВ = 04 ! 
4 427 


Let FG L AE at G, then FG = БОКЕ 
= OA = 1 cm. Thus, the area of AAOF, SA дор, is given by 


1 
SAAOF — 540 РСА = 4 (cm?). 


Example 5. (Formula for median) In AABC, AM is the median on the side BC. 
Prove that AB? + AC? = 2(AM? + BM?). 


Solution Suppose that AD 1 BC at D. By Pythagoras’ Theorem, 


AB? = ВІ? + AD? = (BM + Мр)? + AD? A 
= BM?+2BM.MD+MD?+ AM? 


= BM?+AM?+2BM-MD. 


MD? 


Similarly, we have 


Ejus. lee 
a 


AC? = CM? + AM? - 2MC - MD. B M 
Thus, by adding the two equalities up, since BM = СМ, 
AB? + AC? = 2(AM? + BM?). 


Note: When AM is extended to E such that AB EC is a parallelogram, then 
the formula of median is the same as the parallelogram rule: 


AB? + BE? + EC? + СА? = AE? + ВС?. 


Example 6. In the figure, LC = 90°, ZA = 30°, D is the mid-point of AB and 
DE 1 AB, AE =4cm. Find BC. 
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Solution Connect BE. Since ED is the perpendicular bisector of AB, 
ВЕ = АЕ, so ZEBD = ZEBA = ZA = 30°, ZCBE = 60? — 30° = 30°, 
2. СЕ = ¿BE = DE = АЕ =2 ст. 
Now let BC = x cm, then from Pythagoras’ B 
Theorem, 


(24) = 040 и) 


Thus, BC = 24/3 cm. 


Example 7. For ^A ABC, О is an inner point, and D, E, F are on BC, СА, AB 
respectively, such that OD 1 BC, OE 1 СА, and OF 1 AB. Prove that 
AF? + BD? + CE? = BF? + DC? + AE’. 


A 


Solution Ву applying the Pythagoras’ Theorem to the triangles ОАР, ОВЕ, 
OBD,OCD,OCE and ОАЕ, it follows that A 


AF? + BD? + CE? 

= AO? ОЕ? + BO? — OD? + CO? — OE? 
= (BO? — OF?) + (CO? — OD?) + (AO? — OE?) 
= BF? + DC? + AE?. 


The conclusion is proven. B D C 


Example 8. In the diagram given below, P is an interior point of AABC, PP, L 
AB, PP, L BC, PP, 1 AC, and BP, = ВР», CP, = CP, prove that 
AP, = AP3. 


Solution For the quadrilateral AP, BP, since its two diagonals are perpen- 
dicular to each other, 


II 


AP? + BP? AF? + PE? + BF? + РЕ? 


= AP?+BP?. A Р; 


Р, E. 
By considering АР; СР and PC PB respec- v 


tively, it follows similarly that 


AP? + CP? = AP? + PC?, 
ВР? + PC? = РВ? + CP}. 


Then adding up the three equalities yields 
Р, 
AP? = АР, S АР, АР). 
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Example 9. In square ABC D, M is the midpoint of AD and № is the midpoint 
of MD. Prove that ZW BC —2ZABM. 


Solution Let AB = BC = CD = DA = a. Let E be the midpoint of C D. 
Let the lines AD and BE intersect at F. 


By symmetry, we have DF = CB = a. Since A MND . F 
right triangles ABM and CBE are symmetric in У: 
theline BD, ZABM = ZCBE. dd 

It suffices to show ZNBE = ZEBC, and for E 

this we only need to show ZNBF = ZBFN 

since ZDF E = ZEBC. B C 


By assumption we have 


On the other hand, 


1 5 
INE es depo ай, 


so NF = BN,henceZNBF = ZBFN. 


Testing Questions (A) 


1. (CHINA/1995) In AABC, ZA = 90°, AB = AC, D is a point on BC. 
Prove that BD? + CD? = 2AD?. 


2. Given that ВІЛ ABC has a perimeter of 30 cm and an area of 30 cm?. Find 
the lengths of its three sides. 


3. Inthe RtAABC, ZC = 90°, AD is the angle bisector of / А which inter- 
sects BC at D. Given AB = 15 cm, AC = 9 ст, Вр: DC = 5:3. Find 
the distance of D from AB. 


4. In the right triangle ABC, ZC = 90°, BC = 12cm, AC = 6 cm, the per- 
pendicular bisector of AB intersects AB and BC at D and E respectively. 
Find C E. 


1 
5. Intherectangle ABCD, CE | DBat E, BE — qu and CE — 5 cm. 
Find the length of AC. 
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In AABC, ZC = 90°, D is the mid-point of AC. Prove that 


AB? + 3BC? = ABD? 


In the right triangle ABC, ZC — 90?, E, D are points on AC and BC 
respectively. Prove that 


AD? + BE? = АВ? + DE?. 


(CHNMOL/1990) AABC is an isosceles triangle with AB = AC = 2. 
There are 100 points Pj, Po,..., Pioo on the side BC. Write m; = АР? + 
BP,-P;C (i = 1,2,...,100), find the value of m4 + m» +---+ тоо. 


In AABC, ZC = 90°, D is the midpoint of AB, E, F are two points on 
AC and BC respectively, and DE L DF. Prove that EF? = AE?+BF?. 


(CHINA/1996) Given that P is an inner point of the equilateral triangle 
ABC, such that PA = 2, PB = 2\/3, PC = 4. Find the length of the side 
of AABC. 


Testing Questions (В) 


(SSSMO(J)/2003/Q8) AB is a chord in a circle with center O and radius 
52 cm. The point M divides the chord AB such that AM — 63 cm and 
M B — 33 cm. Find the length OM in cm. 


(CHINA/1996) ABCD is a rectangle, P is an inner point of the rectangle 
such that PA — 3, PB — 4, PC — 5, find PD. 


Determine whether such a right-angled triangle exists: each side is an integer 
and one leg is a multiple of the other leg of the right angle. 


(AHSME/1996) In rectangle ABC D, ZC is trisected by CF and C E, where 
E is оп AB, F is on AD, BE = бапа AF = 2. Which of the following is 
closest to the area of the rectangle ABC D? 


(А) 110, (В) 120, (C)130, (D)140, (Б) 150. 


(Hungary/1912) Let ABC D be a convex quadrilateral. Prove that AC L BD 
if and only if AB? + CD? = AD? + BC?. 


Lecture 11 


Congruence of Triangles 


Two triangles are called congruent if and only if their shapes and sizes are both 
the same. 

In geometry, congruence of triangles is a very important and basic tool in 
proving the equality relations or inequality relations of two geometric elements 
(e.g. two segments, two angles, two sums of sides, two differences of angles, 
etc.). Two triangles are congruent means they are the same in all aspects, so any 
corresponding geometric elements are equal also. 

To prove two geometric elements being equal, it is convenient to construct two 
congruent triangles such that the two elements are the corresponding elements of 
the congruent triangles. 

To prove two geometric elements are equal or not equal, even though their 
positions are wide apart, by using the congruence of two triangles, we can move 
the position of a triangle which carries one element, such that these two elements 
are positioned together so their comparison becomes much easier. 


Basic Criteria for Congruence of Two Triangles 


(i) S.A.S.: Two sides and their included angle of one triangle are equal to 
those in the other triangle correspondingly. 

(ii) A.A.S.: Two angles and one side of a triangle are equal to those in the 
other triangle correspondingly. 

(iii) S.S.S.: Three sides of a triangle are equal to those of the other triangle 
correspondingly. 
For right triangles, these criteria can be simplified as follows: 

(iv) S.A.: One side and one acute angle of a triangle are equal to those of the 
other triangle correspondingly. 

(v) S.S.: Two sides of a triangle are equal to those of the other triangle corre- 
spondingly. 
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Examples 


Example 1. As shown in the diagram, given that in AABC, AB = AC, Dis on 
AB and E is on the extension of AC such that BD = CE. The segment DE 
intersects BC at С. Prove that DG = GE. 


Solution From D introduce DF || AE, 
intersecting BC at F, as shown in the right 
diagram. Then 


ZFDG == ZCEG,ZDGF = ZEGC. 


Since ZBFD = ZBCA = ZDBF, we 
have 
DF = РВ = СЕ. 


Therefore 


ADFG = AECG(A.AS.), 


hence DG = GE. 


Example 2. Given BE and CF are the altitudes of the AABC. P,Q are on BE 
and the extension of CF respectively such that BP = AC,CQ = AB. Prove 
that AP 1. AQ. 


Solution From AB L CQ and BE L AC 
ZABE = “ОСА. 
Since АВ = CQ and ВР = CA, 
ЛАВР = AQCA (S.A.S.), 
<. LBAP = ZCQA, 
7 «ОАР = «ОАЕ + ZBAP 


= /QAF + ZCQA 
= 180° — 90° = 90°. 


Example 3. (CHINA/1992) In the equilateral A ABC, the points D and E are on 
AC and AB respectively, such that BD and СЕ intersect at P, and the area of 
the quadrilateral A.D P E is equal to area of AB PC. Find ZBPE. 


Solution From Е and D introduce EF L AC at F and DG L BC at G. 
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The condition [AD P E] = [B PC] implies that 
[AC E] = [CBD]. 


Since AC — BC,so EF — DG. Since ZA — 
ZC, so RtAAEF = RtACDG (A.S.). 
therefore AE = СР, hence 


AAEC = ACDB(S.AS.). 


B G C 
Thus, “РВС = ZEC D, so that 
ZBPE = ZPBC + ZPCB = ZPCD+ ZPCB = 60°. 


Example 4. (CHINA/1991) Given that ABC is an equilateral triangle of side 1, 
ABDC is isosceles with DB = DC and ZBDC = 120°. If points M and N 
are on AB and AC respectively such that ZM DN = 60°, find the perimeter of 
AAM N. 


Solution ‘DBC = ZDCB = 30°,.. DC L AC, DB L AB. 


A 
Extending AB to P such that BP — NC, then 
ADCN = ADBP (S.S, therefore DP = 
DN.ZPDM = 60° = ZMDN implies that 


APDM = AMDN, (S.AS.), 
- PM = MN, 
- MN = РМ = BM + РМ = BM + NC. 1 C 


Thus, the perimeter of AAM N is 2. LIE D 


Note: Here the congruence APDM ~ AMDN is obtained by rotating 
ADCN to the position of ADBP essentially. 


Example 5. As shown in the figure, in A ABC, D is the mid-point of BC, 
ДЕРЕ = 90°, DE intersects AB at E and DF intersects AC at F. Prove 
that 

BE+CF > EF. 


Solution In this problem, for the comparison of ВЕ + CF and EF it is 
needed to move the segments BE, EF, СР together in a same triangle, and con- 
structing congruent triangles can complete this task as follows. 

Rotate А ОСЕ around D by 180? in clockwise direction, then 
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CB, FAG. 


Connect BG, EG, GD. Since BG = CF and 
GD — DF, we have 


AEDG = AEDF, (SS.), 


hence 


EF = ЕС < ВЕ + BG = ВЕ + CF. 


Example 6. (CHINA/1999) Given that А АВС is а right-angled isosceles triangle 
with ZACB = 90°. D is the mid-point of BC, СЕ is perpendicular to AD, 
intersecting AB and AD at E and F respectively. Prove that ZCDF — ZBDE. 


Solution It is inconvenient to compare 
ZCDF and ZBDE directly. To change the C 
position of ZC DF, suppose that the perpen- 
dicular line from B to BC intersects the line D 
CE at С. Since AC = CB, 


ZCAD = ZBCG = 90° — ZACF, 


AACD = ACBG (S.A), A E CB 
<. LCDF = ZBGC = ZBGE. n 
-- BD = CD = BG and ZDBE = ZGBE = 45°, © 


г. ABGE = ABDE (S.AS.), hence. ZCDF = ZBGE = ZBDE. 


Example 7. (CHINA/1992) In the square ABC D, E is the midpoint of AD, BD 
and C E intersect at F. Prove that AF L BE. 


Solution Let С be the point of intersection А Е D 
of AF and B E. It suffices to show 


ZEAG — ZABG. F 


By symmetry we have 


ABE = ADCE, ЛАРЕ = ACDF, 


therefore ZEAG — ZDCF — ZABG. B C 
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Example 8. (CHINA/1992, 1993) In the graph, triangles ABD and BEC are 
both equilateral with a, b, c being collinear, M and N are midpoints of AE and 
C D respectively, AE intersects BD at G and СР intersects BE at H. Prove that 
(i) AM BN is equilateral, (ii) GH || AC. 


Solution (i) From AB — BD, BE = BC,ZABE = ZDBC = 120° 


ЛАВЕ = ADBC (S.AS.), 
г МАВ = ZNDB,MA- ND, 


which implies AM AB = AN DB (S.A.S.). 


7 МВ = NB and ZABM = ZDBN 
ZMBN = ZMBD+ ZABM = АВР 
= 60°, = AMBN is equilateral. 


A SBT C 
(ii) From С, Н introduce GS 1 AC at S and HT 1 AC at T respectively. Since 


ZGBA = ZECA = ZHBC = ZDAC = 60° =} GB | CE, HB || AD, 


AB BC 
= СВ = jg CE, HB= т AD == СВ = HB. 


Since ZGBS = ZH BT = 60°, so RtAGBS = RtAH BT (S.A.). Thus, GS = 
HT, ie. GH || AC. 


Testing Questions (A) 


1. InAABC, ZACB = 60°, ZBAC = 75°, AD L BC at D, BE L AC at 
E, AD intersects BE at H. Find ZCH D in degrees. 


2. AABC is equilateral, D is an inner point of А ABC and P is a point outside 
A. ABC such that AD = BD, AB = ВР, and BD bisects ZC BP. Find 
ZBPD. 


3. Given that the side of the square ABC D is 1, points P and Q are on AB and 
AD respectively, such that the perimeter of AAPQ is 2. Find ZPCQ in 
degrees by use of congruence of triangles. 


4. ABCD is a square, E and F are the midpoints of the sides AB and BC 
respectively. If M is the point of intersection of СЕ and DF, prove that 
AM = AD. 
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ABCD is a trapezium with AD | BC, ZABC = ZBAD = 90°, and 
DE = EC = BC. Prove that ZDAE = SAEC. 


(MOSCOW/1952) In an isosceles triangle ABC, AB = BC, ZB = 20°. 
M, N areon AB and BC respectively such that ZM CA = 60°, ZNAC = 
50°. Find ZN MC in degrees. 


Given that A. ABC is an isosceles right triangle with AC = BC and LAC B = 
90°. D is a point on AC and E is on the extension of BD such that 


1 
AE L BE. If AE = БОР, prove that B D bisects ZABC. 


(CHINA/1999) In the square ABC D, AB — 8, Q is the midpoint of the side 
CD. Let ZDAQ = a. On CD take a point P such that ZB AP = 2o. If 
AP = 10, find C P. 


(CHINA/1992) In the pentagon ABCDE, ZABC = / АЕР” = 90°, AB = 
CD = AE = BC + DE = 1. Find the area of ABCDE. 


(NORTH EUROPE/2003) D is an inner point of an equilateral ААВС sat- 
isfying ZADC = 150°. Prove that the triangle formed by taking the seg- 
ments AD, BD, CD as its three sides is a right triangle. 


Testing Questions (B) 


(CHINA/1996) Given that the segment BD is on a line #. On one side of £ 
take a point C and construct two squares ABC K and CDEF respectively 
outside the AC BD. Let M be the midpoint of the segment AF, prove that 
the position of M is independent of the choice of the position of C. 


(CHINA/1998) In REA ABC, ZC = 90?,CD L AB at D, AF bisects ZA, 
intersects C D and C B at E and F respectively. If EG is parallel to AB, 
intersecting C B at G, prove that CF = GB. 


(CHINA/1994) In AABC, AC = 2AB and ZA = 2ZC. Prove that AB 1 
BC. 


(CHINA/2000) In a given quadrilateral ABCD, AB = AD,ZBAD = 
60°, ZBC D = 120°. Prove that BC + DC = AC. 


In AABC, ZABC = ZACB = 80°. The point P is on AB such that 
ZBPC = 30°. Prove that AP = BC. 


Lecture 12 


Applications of Midpoint Theorems 


In a triangle, the segment joining midpoints of two sides is called a midline of 
the triangle. A triangle has three midlines. 

In a trapezium, the segment joining the midpoints of two legs is called the 
midline of the trapezium. 


Theorem I. For any triangle ABC, if D and E are on AB and AC respectively, 


then DE || BC and DE — 38C if and only if D, E are midpoints of AB and 
AC respectively. 


Theorem П. For a trapezium ABC D with AB || CD, if E, F are the midpoints 
of AD and BC respectively, then EF | AB || CD, and EF — 3 (4B + CD). 


In geometry, these two theorems are often used, since the endpoints of a mid- 
line are midpoints of sides, so many problems mentioning determining midpoints 
can be solved by using midlines. 

Since a midline is half of the third side for triangles, or half of the sum of 
two bases for trapezia, the midlines can be taken as a tool to change the segments 
to be compared or identified to half of double of these segments, so that their 
comparison becomes much easier. 


Examples 
Example 1. In the figure, D, E are points on AB and AC such that AD — 
DB, AE = 2EC, and BE intersects C D at point F. Prove that 4AEF = BE. 


Solution Itis difficult to compare the lengths of EF and B E since they are 
on a same line. Here we can use a midline as a ruler to measure them. 
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Let M be the midpoint of AE. Connect 
DM. By applying the midpoint theorem A 
to AABE and ACDM respectively, it fol- 
lows that 


DM = SBE, 
1 
EF = 5DM 


ТЕЕ = TBE, ie. BE =4EF. 


Example 2. Given that ABC D is a convex quadrilateral, “АВС = ZCDA = 
90°, and LBCD > ZBAD, as shown in the diagram below. Prove that АС > 


BD. 


Solution Extend AB, AD to E, F respectively, such that AB = ВЕ and 
AD = DF. Then, by the midpoint theorem, 
BD || EF and EF = 2BD. 


Since BC, DC are the perpendicular bisector ^ 
of AE, AF respectively, 
EC = AC = FC. B D 
From the triangle inequality, BEN x 
EC+FC > EF, ie. | cap ола D. 
E F 


2AC > 2BD, .. AC > BD. 


Example 3. As shown in the figure, in AABC, ZB = 24C, AD is perpendicu- 
lar to BC at D and E is the midpoint of BC. Prove that AB — 2DE. 


Solution Let F be the midpoint of AC, 
connect EF, DF. By the midpoint theorem, 
AB = 2EF, it suffices to show DE = EF. 
Since DF is the median on the hypotenuse 
AC of teh right triangle ADC, DF = FC = 
AF, so ZCDF = ZC. Since EF || AB, 


ZCEF = ZB = 2/С, 
.ZDFE = ZCEF —ZCDF = ZC 
— ZCDF, hence DE — EF. 


Lecture Notes on Mathematical Olympiad 73 


Example 4. In the figure, AB — CD, E,F are the midpoints of AD and BC 
respectively. Let BA intersect FE at M. Prove that AM = AE. 


Solution The given condition AB — C'D and the goal AM — AE have no 
direct relation. Here the midpoint theorem is the bridge to connect them. 


Connect BD. Let P be the midpoint of 
BD, connect PE, PF. Then, by the mid- 
point theorem, 


1 1 
PE = -AB = -CD = PF 
2 2 
and PE || BM, AC || PF. Therefore 


ГАМЕ = ГРЕЕ = /РЕЕ = / АЕМ, 


7 AM = AE. 


Example 5. For a quadrilateral ABC D, E, F are the midpoints of АВ апа BC 
respectively, DE and DF intersect the diagonal AC at M and N respectively, 
such that AM = MN = NC. Prove that ABCD is a parallelogram. 


Solution We first show that M BN D is a parallelogram, then show ABC D 
is a parallelogram. At the first step, the midpoint theorem plays an essential role. 


Connect BM, BD, BN.:: AE = BE, 

BF = ЕС, апа AM = MN = NC, А D 
EM || BN and FN || BM, 

<. MBN D isa parallelogram. Then 


BM = ND and 
ZAMB=ZFNM = CND, 
AAMB = ACND (S.A.S.), 

7 АВ = Ср, «ВАС = ZDON, 


so АВ || CD also. Thus, ABCD is a parallelogram. 
Example 6. (CHNMOL/1997) In the trapezium ABCD, AD || BC, ZB = 
30°, 
ZC = 60°, Е, М, Е, № are the midpoints of AB, BC, CD, DA respectively. 
Given that BC — 7, MN — 3. Find EF. 

Solution Ву applying the midpoint theorem to the trapezium, then EF = 


1 
5 (AD + BC), so it is important to find AD. 
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Through № we introduce NG || AB, NH || CD, intersecting BC at G, H 
respectively. Since AD || BC, the quadrilaterals ABGN and N HC D are both 
parallelograms. 


<. BG = AN = СН = ND and 
AB || NG,CD || NH. 

-- ZNGH = ZABH = 30°, and 
ZNHG = ZDCG = 60°, 
ZGNH = 180° — 30° — 60° = 90°. 
ВМ = СМ = GM = НМ, 

Л СН = 2ММ = 6, Ар = 7 – 6 = 1. 
ЕЕ = (1+7) = 4. 


Example 7. (CHINA/1997) In the trapezium ABCD, AB || CD,ZDAB = 
ZADC = 90°, and the AABC is equilateral. Given that the midline of the 
trapezium EF = 0.75a, find the length of the lower base AB in terms of a. 


Solution From the given conditions, 


D C 
Я 1 1 
ZDAC = 30°, „Ср = ЗАС = 5 AB. 
Ву the midpoint theorem, E F 
EF = i(CD + AB) = ЗАВ, 
7. AB — a. 


A B 


Example 8. (MOSCOW/1995) In a given convex quadrilateral ABC D, O is an 
inner point of ABC D such that ZAOB = ZCOD = 120°, AO = ОВ, СО = 
OD. Given that K, L, M are the midpoints of the segments AB, BC, C D respec- 
tively, prove that AK LM is equilateral. 


Solution It suffices to show that KL = 
ML and ZK LM = 60°. The conclusion can 
be obtained by the midpoint theorem. 

Let №, Р be the midpoints of OB, OC 
respectively. Connect NK, МІ, РІ, РМ. 
Then 


KN = 10A- 40B = PL, 
NL = 206 = 50р = PM. 
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- NK || OA, NL || OC, РІ || OB, PM || OD and 
ZKNL = ZAOC = 120? + ZBOC = ZBOD = ZLPM, 
- AKNL = ALPM (S.AS.),hence KL = LM. 


On the other hand, we have ZK LM = ZKLN + АМІР + ZPLM =ZPML 
+ ZLPC + ZPLM = 180? — ZCPM = 180? — 120° = 60°, 
therefore Ak LM is equilateral. 


Example 9. (CHNMO/TST/1995) Given that the points P and Q are on the sides 
AB and AC of an acute triangle ABC respectively. D is an inner point of AABC 
such that PD | AB at P and QD 1 AC at О. If M is the midpoint of the side 
BC, prove that PM = QM if and only if ZBDP = ZCDQ. 


Solution Sufficiency: Suppose ZBDP = 
ZCDQ. Let E, F be the midpoints of BD, Ср 


A 

respectively. Connect EP, ME, MF, FQ. 
Then P 

EP = BD = МЕ, ME = Ср = FQ, S 

VZBDP = ZCDQ => ZPBD = ZQCD, Z 

7 LPED = 2LPBD —2ZDCQ = ZDFQ, 

since DEM F is a parallelogram, therefore 4) 

ZDEM = ZDFM,so ZPEM = / МЕО), B M C 


thus APEM = AMFQ (S.A.S), hence PM = QM. 


© 


Necessity: If PM = QM, then APEM = AMFQ (S.S.S.), so 

ГРЕМ = ZMFQ, ZDEM = ZMFD (by the same reason as above), 
therefore ZPED = ZDFQ,ie. 27PBE = 27DCQ or ZPBE = ZDCQ. 
Thus, ZBDP = 90° —ZPBD = 90° — ZDCQ = ZCDQ. 


Testing Questions (A) 


1. Given that ABCD is a quadrilateral, E and F are midpoints of the sides 
AD and BC of ABCD. Suppose that AB J| CD. Prove that EF < 


1 
5(AB + CD). 


2. Inatrapezium ABCD, AB || CD and AB = 2C D. M, М are the midpoints 
of the diagonals AC and BD respectively. Let the perimeter of ABC D be 
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lı, the perimeter of the quadrilateral CDM N be lz and lı = nly, find the 
value of n. 


In a square ABCD, let О be the intersection point of the diagonals AC and 
BD. Let the angle bisector of ZC AB intersect BD at E and BC at F. 
Prove that 20E = CF. 


In AABC, let E be the midpoint of BC and let D be the foot of the altitude 
from А to BC. Suppose AB = 2DE. Prove that ZB = 2ZC. 


ABCD is a trapezium such that AB || DC, AD — BC. Given that AC 
intersect BD at О, P,Q, R are the midpoints of AO, DO and BC respec- 
tively, and ZAOB = 60°. Prove that APQR is equilateral. 


In the AABC, BE is the angle bisector of the ZABC, AD is the median on 
the side BC, and AD intersects BE at O perpendicularly. Given BE = 
AD = 4, find the lengths of three sides of Л АВС. 


ABC isa given triangle. If the sides AB and AC are taken as hypotenuses of 
two right triangles ABD and ACE outside the AABC, respectively, such 
that ZABD = ZACE. Prove that DM = EM, where M is the midpoint 
of BC. 


Testing Questions (В) 


(CHINA/1999) In a quadrilateral ABCD, AD > BC, E and F are the 
midpoints of AB and C'D respectively. Suppose that the lines AD and 
BC intersect F E produced at Н and С respectively. Prove that ZAH E < 
ZBGE. 


In AABC, let BC be produced to a point M. Let D, E, N be the midpoints 
of AB, AC and B M respectively. Let H be the midpoint of EN. Join DH 
and extend DH to meet B M at F. Prove that CF = FM. 


In the right triangle ABC, ZABC — 90?, AB — BC. Let D and E be 
points on AB and ВС respectively such that AD = СЕ. Let M and N be 
points оп AC such that DM and BN are perpendicular to AE. Prove that 
MN = NC. 


(CHINA/1997) ABCD is a quadrilateral with AD || BC. If the angle bi- 
sector of /DAB intersects CD at E, and BE bisects / АВС, prove that 
AB = AD + BC. 


Lecture 13 


Similarity of Triangles 


Two triangles are called similar if we can get two congruent triangles after en- 
larging or compressing the sides of one of them according to an equal ratio. That 
is, two triangles are similar means they have a same shape but may have different 


sizes. 


Criteria for Similarity of Two Triangles 


(I) 
(II) 
(Ш) 
(ТУ) 


(У) 


Each pair of corresponding angles are equal (A.A.A.); 

АП corresponding sides are proportional (S.S.S.); 

Two pairs of corresponding sides are proportional, and the included corre- 
sponding angles are equal (S.A.S.); 

For two right triangles, a pair of two corresponding acute angles are equal 
А.А.); 

с the three pairs of corresponding sides two pairs are proportional 
(S.S.). 


Basic Properties of Two Similar Triangles 


D 


(D 


(Ш) 


For two similar triangles, their corresponding sides, corresponding heights, 
corresponding medians, corresponding angle bisectors, corresponding 
perimeter are all proportional with the same ratio. 

Consider the similarity as a transformation from one triangle to other, then 
this transformation keeps many features of a graph unchanged: each inte- 
rior angle is unchanged; any two parallel lines are still parallel, the angle 
formed by two intersected lines keeps unchanged, and collinear points re- 


mained collinear. — . А . 
For two similar triangles, the ratio of their areas is equal to square of the 


ratio of their corresponding sides. 
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Important Proportional Properties of Segments 


When by a, b, c,... we denote the lengths of segments, the following proportional 
properties hold, which are the same as in algebra: 


(1) ;73 => ad = be; 
a с a+b c+d 

Qe ig Fc 5 

m. шак ш 

(4) =$ miras ifa—b#0orc— d+ 0; 
a с т, arc di Tn a 

EE ge Ci NE аа 
ЕСЕТА" 

Ехатріеѕ 


Example 1. Prove ће following: 

(1) When two straight lines are cut by three parallel lines, the two segments 
between two adjacent parallel lines are proportional. 

(2) When a straight line which is parallel to one side of a triangle cuts the other 
sides of the triangle at two points, the three sides of the derived triangle 
must be proportional to the three sides of the original triangle, correspond- 


ingly. 


Solution (1) If the two lines 4; and /» are parallel, the conclusion is obvious. 
If /; Y £2, suppose that О is their point of inter- 
section. If three parallel lines Ёз, £4, £5 intersect 
£4 and 5 at A41, B1, C1 and A2, Bo, С» corre- 
spondingly, as shown in the right diagram, let 


l 


AıB || £5, intersecting 44 at B, 
B,C || £2, intersecting £5 at С, 


[2 


then A145 B4 B апа B,B2C2C are parallelo- bs 04 es 
grams, 


"a A B = A» B», ВС = В,С. a AA, BB, ы AB,CC, (A.A.A.), 


: A,B, A,B Th A,B, ut A» Bo 


it В\С, = ByC т ВС = B2C2` 
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(2) Given AABC. If the line £ || BC, intersecting AB, AC at B1, C; respec- 
tively. Then 

ГАВІС = ZABC, ГАС В! = “АОВ, 
therefore the sides of the two triangles are proportional correspondingly. 


Example 2. (Angle Bisector Theorem) For any triangle, the angle bisector of 
any interior angle must cut the opposite side into two segments, such that their 
ratio is equal to the ratio of the two sides of the angle, correspondingly. 


Solution In AABC, Let AD be the angle bisector of ZB AC, where AD 
and BC intersect at D. 


From C introduce CE || AD, intersect- E 
ing the extension of BA at E. Then p 
ZECA — ZDAC — ZBAD К: 
= ZAEC, .. АС = AE. Ay} 
АР || EC, i 
| AB BD / 
"АЕ CD’ i 
AB BD j 
САС CD B D C 


Note: When AD is the angle bisector of the exterior angle of angle BAC, 


similarly, it is also true that 
AB BD 

AC CD’ 

Example 3. (Projection Theorem of Right Triangles) In the right triangle ABC, 

Z AC B = 90°. Then 
CD? = АР. DB, 

Solution From ZACD = 90? — 
ZA = ZCBD, therefore RtAACD ~ C 
RtAC BD (A.A.A.), we have 


AC? = АР. AB, BC? = BD. BA. 


CD BD 
AD CD’ 


Vv"ZCAD = ZBAC, АСАР ~ RtABAC 


САС AB , жс 
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The proof of BC? = Вр. ВА is similar. 


Example 4. (Theorem on Centroid) For any triangle ABC, its three medians 
must intersect at one common point С, and each median is partitioned by С as 
two segments with ratio 2 : 1. 


Solution Let G be the point of intersec- 
tion of the medians AD and B E. From D in- 
troduce DH || BE, such that DH intersects 
AC at H. By the midpoint theorem, 


AE = EC = 2CH = 2HE. 


<- AAGE ~ AADH, 
. AG АЕ _ 
‘GD EH 


B 
Similarly, 20 =;2. 
1 


AG 
Suppose that CF intersects AD at G”, then similar to above proof, ср 2, 
hence С = С". Thus AD, ВЕ, СЕ are concurrent at С. 


Example 5. (CHINA/1999) In AABC, AD is ће median оп BC, E is on AD 
such that BE = AC. The line B E intersects AC at Ё. Prove that AF = EF. 


Solution From C introduce CG || AD, intersecting the extension of BF at 
G. 


V"ZEAF = ZFCG, 
ZAEF — ZFGC, 
ZAFE = (АЕС, 
z. AEAF ~ AGCE (А.А.А.). 
> АК FC AF+FC AC 
“EF FG ЕЕ+ЕС EG 
By the midpoint theorem, BE = EG, 
-. ЕС = AC, AF = EF. 


Example 6. (MOSCOW/1972) ш AABC, AD, BE are medians on BC, AC 
respectively. If ZCAD = ZC BE = 30°, prove that ААВС is equilateral. 


Solution >> AADC ~ ABEC (A.A.A.), therefore 
AC DC 2DC BC 


BC ЕС 2EC AC’ 
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<. AC? = BC?, AC = ВС. A 
In АВЕС, ZBEC = 30°, EC = 5 BC, 
-.ZBEC = 90°, ZC = 60°. 


г. AABC is equilateral. B D C 


Example 7. In AABC, ZA: ZB: ZC = 1:2: 4. Prove that 


ЫЕ 
AB АС BC’ 


AB 4- AC A 
Solution It suffices to show Es = a To prove it we construct 


corresponding similar triangles as follows. 
Extending AB to D such that BD = AC. Extending BC to E such that 
AC = AE. Connect DE, AE. 


Let ZA = а, ZB = 2a, ZC = 4a. 


Then 7a = 180°. E 
V" ZAEC = ZACE = За, Poe, 
ZCAE = а = ZCAB, fo (зм... 
ZBAE = 2a = ZEBA. “© im 
-ZDBE = ZBAE + ZAEB = bo, у С. 
2. LEDA = (180° – 5a) = а, А | D 


г. ADAE ~ AABC (A.A.A.). 


quod. AR. AB EMO BO e e d 
us, AB = БС? АВ = pE esired. 


Example 8. (CHINA/1999) P is an inner point of AABC, BC = a, CA = 

b, AB = c. Through P introduce IF || BC, DG || AB and EH || CA respec- 

tively, where J, Н are on AB, D, E are on ВС, Е, С are оп C A, as WT. in the 
b 

digram below. Given DE = a’, FG = b', HI = c , find the value of E р + С, 

с 


Solution From IF | BC, HE || AC we have AHIP ~ AABC, then 


с IP BD 


C а а 
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Since AGPS ~ AABC, 


; A 

v PF EC H 

b a a 

Therefore G 
a V c DE BD EC 1 F 
+ = | + 
b с а а а 

|. DE+BD+EC _ 1 
Е BC | B D EC 


Example 9. In the given diagram, APQR and AP’Q’R’ are two congruent 
equilateral triangles. Denote the lengths of the sides of hexagon ABCDEF by 
АВ = Q1; BC = b, CD = аә, РЕ = ba, ЕЕ = аз, ЕА = бз. Ргоуе Шаї 
a? + a2 + a2 = b? + 02 + b2. 

Solution For any two adjacent triangles outside the overlapping hexagon, 
say AQ’ AB and APAF, we have 


ZP = ZQ' = 60°, ZPAF = ZQ'AB, 


therefore AQ’ AB ~ APAF. Similarly, any 
two adjacent triangles are similar. Let 


Sı = [Q'AB], S2 = [9ВС], 83 = [R'CD] 
$4 = [RDE], 55 = [P'F E], 56 = [PAF]. 


Then $4 + 53 + 55 = S2 + S4 + 56. Use A 
to denote the common sum above, then 


b2 2 2 
MEC CE s ш „© Adding 
3h 


üt 5' al^ a S 
them up, we obtain 


bp +b to А 
LUST S des cab A= 01 ++ М)5. 
1 1 
Similarly, we have also 


а2.А= (b? +02 + 02)8 and a2. A= (2+2 + 02) 53. 


By adding these three equalities, we obtain 


(a? + a2 + a2)A = (b? + b2 + 02) (S1 + S2 + 53) = (b? + 02 + 62)A, 


ла? + a2 + a2 = b? + 02 + 05, as desired. 


10. 
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Testing Questions (А) 


(CHNMOL/1991) ABCD is a trapezium with AB || CD and AB « DC. 
AC and BD intersect at Е, EF || AB, intersecting ВС at F. Given that 
AB — 20, CD — 80, BC — 100, then EF is 


(A) 10, (B) 12, (C) 16, (D) 18. 


(AHSME/1986) In AABC, AB = 8, BC = 7,CA = 6. Extend BC to P 
such that APAB ~ APCA, then the length of PC is 


(A) 7, (B) 8, (C) 9, (D) 10, (E) 11. 
(CHINA/1990) In the isosceles right triangle ABC, ZB = 90°, AD is the 


median on ВС. Write AB = BC = a. If BE 1 AD, intersecting AC at 
E, and EF L BC at F, then EF is 


(A) Мм, (В) La, (C) a, (D) za. 


(CHINA/1997) ABC is an isosceles right triangle with ZC — 90?, M, N are 
on AB such that ZMC'N = 45°. Write AM = m, MN —z,BN = п. 
Then the triangle formed by taking x, т, n as the lengths of it three sides is 


(A) an acute triangle; (B) a right triangle; (C) an obtuse triangle; (D) 
not determined. 


In AABC, D is the midpoint of BC, E is on AC such that AC — 3EC. 
BE and AD intersect at G. Find AG : GD. 


(CHINA/2000) Given that AD is the median on BC of AABC, E is a point 


1 
on AD such that AE = — AD. The line C E intersects AB at F. If AF = 
1.2 cm, find the length of AB. 


ABCD is a rectangle with AD = 2, AB = 4. P is on AB such that 
AP:PB=2:1,CE L DP at E. Find СЕ. 


Given that three congruent squares ABEG,GEFH,H FCD are of side а. 
Prove that LAFE + ZACE = 45°. 


(CHINA/1993) A ABC is equilateral, D is on BC such that CD = 2B D. If 
CH L AD at H, prove that ZDBH = ZDAB. 


In AABO, ZA = 2ZB. Prove that AC? + АВ. AC = ВС?. 
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Testing Questions (В) 


(AIME/1984) A point Р is chosen in the interior of A АВС such that when 
lines are drawn through P parallel to the sides of ААВС, the resulting 
smaller triangles tı, t2, and Ёз in the figure, have areas 4, 9, and 49, respec- 
tively. Find the area of AABC. 


(APMO/1993) Let ABCD be a quadrilateral such that all sides have equal 
length and angle ABC is 60°. Let l be a line passing through D and not 
intersecting the quadrilateral (except at D). Let E and F be the points of 
intersection of l with AB and BC respectively. Let M be the point of 
intersection of CE and AF. Prove that CA? = CM - CE. 


(CHINA/1997) In the Л АВС, D, E are on BC, AC respectively, such that 
BD 2 AE 3 . AF BF 
DO 3 EC 2 Find the value of 77, РЕ 

(CHINA/1979) In a REA ABC, ZC = 90°, BE is the angle bisector of ZB, 
CD L AB at D and CD intersects BE at О. Through О introduce FG || 
AB such that FG intersects АС, BC at F, С respectively. Prove that AF = 
CE. 


(CHINA/1998) In the quadrilateral ABC D, AC and BD intersect at O, the 
line | is parallel to BD, intersecting the extensions of AB, DC, BC, AD 
and AC at the points M, №, R, 5 and P respectively. Prove that РМ. 
PN = PR. PS. 


Lecture 14 


Areas of Triangles and Applications of Area 


Basic formulae for area of a triangle 


Note: The area of a triangle UVW is denoted by [UV W] hereafter. 


1 1 1 
Theorem I. For AABO, [ABC] = =a- ha = =: hy = с: he, where BC = 
а, СА = b, AB = cand hg, hy, һе are altitudes on BC, CA, AB respectively. 


Theorem II. (Heron's Formula) For A ABC, [ABC] = \/s(s — a)(s — b)(s — с), 
1 
where s = ge b 4 c). 


Proof. For AABC, let BC = а, СА = b, AB = c, and AD = h, where 
AD L BC at D. Let CD = х, then 


c-—(a-z)?-mnHz-w-s?, 


c? — a? + 2ax = Ь?, 


а? +02 – с? 


2а 
Therefore 

2 2 2\ 2 

_ 2 а +b" -c _ 1 2 2 2 2\2 

h2 = b ( 2" ) = 125 (Qa) — (a? +b? — c?y?] 
|... (2ab + a? +b — c?)(2ab — a? — b? + с?) 
7 4a? 
(a + b)? — e]? = (a — b)? 


4a? 
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(a --b4- c)(a + b — с) (ста b)(c — a + b) 
4a? 


_ 16 е) Ap(p — a)(p — b)(p — с) 
4a? a? 


2 


ABC? = (2) =plp- alr 0 - o. 


Thus, the conclusion is proven. 


Note: If ZC is obtuse, then c? > a? + 02, so x < 0, but the proof remains 
unchanged. 


Comparison of areas of triangles 


D 


(D 


(Ш) 
(IV) 


(V) 


For each triangle, let S = h · b, where b is one side and h is the height on 
the side. then the ratio of areas of any two triangles is equal to the ratio of 


corresponding two Ss. 
For two triangles with equal bases, the ratio of their areas is equal to the 


ratio of their heights on the bases. Hence the area of a triangle does not 


change when a vertex of it moves on a line parallel to its opposite side. 
For two triangles with equal height, the ratio of their areas is equal to the 


ratio of their bases. : 4 р : 
If two triangles have a pair of equal angles, then the ratio of their areas is 


equal to the ratio of the products of the two sides of the equal angles. 
If two triangles have a pair of supplementary angles, then the ratio of their 


areas is equal to the ratio of the products of the two sides of the supple- 
mentary angles. 


There are two kinds of questions to be discussed in this chapter. One is those 
for finding areas or discussing questions involving areas. The other is those able 
to be solved by considering areas. Below some examples of these two kinds of 
questions are given. 


Examples 


Example 1. (SMO/1988) Suppose area of AABC = 10 cm?, AD = 2 cm, 
DB = З cm and area of ЛАВЕ is equal to area of quadrilateral DB EF. Then 
area of A ABE equals 

(A) 4 cm? (B) 5 cm? (C) 6 cm? (D) 7 cm? (E) 8 cm?. 


Solution Connect DE. Since [ABE] = [DBEF], we have 
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[ADE] = [ABE] – [DBE] 
= [DBEF| — [DBE] = |F DE], 
-. AC || DE, 
7 СЕ: ЕВ = Ар: DB = 2:3. 
.[|ABE BE 3 
` [ABC] ВС 5 


3 
-. [ABE] = =. [ABC] = 6. 
Thus, the answer is (B). 


Example 2. In the given diagram, ABC D is a convex quadrilateral. Find a point 
M on the segment BC such that AM partitions ABC D to two parts with equal 
areas. 


Solution We need to change the shape of the graph from quadrilateral to a 
triangle, keeping its area unchanged. From D introduce ED || AC such that DE 
intersects the extension of line BC at E. Then 


[DAC] = [EAC], .. [ABCD] = [E AB]. 
Now taking M be the midpoint of BE, then 


[ABM] = [AEM] = 3[ABCD] 


= [AMCD]. ть 


Example 3. In ААВС, D, Е аге on BC and СА respectively, and BD : DC = 
3:2, AE : EC = 3: 4. AD and BE intersect at M. Given that the area of 
A ABC is 1, find area of ABM D. 


DN 
Solution From £ introduce EN || AD, intersecting BC at N. Since = 


NC 
AE 3 BD 3 
EC 4’ DC 2’ 


[ABE] = таво) x 
[ВЕС] = 4[ABC] = 4. 


BD: РМ: МС = 21:6:8, 
7 ВМ: МС = 27:8 and 
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27 27 4 
BD: BN =21:27=7:9, |IBEN| = —|ВЕС| = — · = 
‚ Bex] = ВЕС] = 27.1, 
2 2 
-27-4 4 
tempi [5 mine ED in 
9 92.35-Т 15 


Example 4. (USAMO/1972) A convex pentagon ABC DE has the following 
property: the five triangles ABC, BCD, CDE, DEA, EAB have same area 1. 
Prove that all such pentagons have an equal area, and there are infinitely many 
distinct such pentagons. 


Solution As shown in the right diagram, the equality [EAB] = [CAB] 
yields EC || AB. Similarly, we have 


AD || BC, BE||CD, AC || DE, BD | AE. 


Let [BPC] = x. Then [DPC] = 1— x 


and 
[BPC] = BP = [EBP] A 
[DPC] PD [EPD] 
so it follows that —— = 3 B E 
roc 
C D 
zakopa dd 26 


Example 5. In a quadrilateral ABCD, the points E, F аге оп АВ and Н, С 
are on DC such that AE = EF = FB and DH = HG = GC. Prove that 


[EFGH] = z ABCD]. 
Solution Connect HF, AH, AC, FC. 
[HEF] = [HEA] and [FGH] = [FGC], 
1 
51 


г. [EFGH] = 5[HAFC]. 


It suffices to show that [ADH] + [CF B] = 
i[ABCD]. 
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From DH — iCD and FB = АВ, ме һауе 


[ADH] + [СЕВ] = (РАС) ZIBA = [ABCD], 


1 2 
2 3 
Example 6. (AIME/1985) As shown in the figure, triangle ABC is divided into 
six smaller triangles by lines drawn from the vertices through a common interior 


point. The areas of four of these triangles are as indicated. Find the area of triangle 
ABC. 


-. [EFGH] = НАРО) = - . Ź[ABCD] = авар) 


Solution mc чы л ields 
ш [FAP] FP |ЕВР|? 


84 +у £435 


qot (141) C 
[CAP] АР [BAP] . 
mC CDP DP BDP S 
5 84 


84+y 0 D 


= =й. aad 
z “35 dd CUN 
( х +35 2044-30 
2 A 


2) x 
Ву =, it foll that — — 
y ay’! ollows that ^7 т Е B 


<. 3x = 2x + 70, i.e. x = 70. Then by (2), y = 140 — 84 = 56. 
Thus, [ABC] = 84 + 56 + 40 + 30 + 35 + 70 = 315. 


Example 7. If from any fixed inner point P of A АВС introduce PD 1 BC at 


PD PE PF 
D,PE L CAat Eand PF L AB at Е. Prove that T LN D — ], where 


a b с 
ha, hy, һе are the heights of ААВС introduced from A, B,C to their opposite 
sides, respectively. 


Solution From 


PD [РВС 
ha [ABC] 
PE [PCA] 
h, [ABC] 
PF [РАВ 
he [ABC] 


it follows that 
PE РЕ _ [PBC]+[|PCA] + [PAB] 


h he [ABC] 


= 1. 
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Example 8. (AUSTRALIA/1991) In A ABC, M is the midpoint of ВС, Р, R are 
on AB, AC respectively, Q is the point of intersection of AM and PR. If Q is 
the midpoint of PR, prove that PR || ВС. 


Solution From that Q, M are the midpoints of РЁ and BC respectively, 


[APQ] = [ARQ], [ABM] = [ACM], 


A 
. [APQ] _ [ARQ] 
^[ABM]| [ACM] 
. AP. AQ AQ- AR P R 
"AB.AM | AM- AC? 
AP AR 
іе. 4B = AC -. PQ || BC. B M C 


Example 9. (CHINA/1992) In the given diagram below, ABCD is а parallel- 
овгат, E, F аге two points on the sides AD and DC respectively, such that 
AF = CE. AF and СЕ intersect at P. Prove that PB bisects ZAPC. 


Solution Connect BE, BF, таке BU | AF at апа BV 1 CEat V. 
Then 


D F C 
1 
[BAF] = [BCE] = 5|ABCD). PE x 
Further, since AF = СЕ, we have E 
BU = BV, ``. АВРО = ABPV, 


-ZBPA-ZBPU = ZBPV = ZBPC. 
A B 


Testing Questions (А) 


1. (CHINA/1993) When extending the sides AB, BC, CA of AABC to B', C", A’ 
respectively, such that AB’ = 2AB,CC’ = 2BC, АА! = ЗСА. If area of 
A ABC is 1, find the area of A.A’ B'O”. 


2. (CHINA/1998) ABC is a rectangle. AD = 12, АВ = 5. P is a point on 
AD, PE 1 BDat E, PF 1 AC at Е. Find PE + PF. 


3. (CHINA/1996) Given that the point P is outside the equilateral triangle ABC 
but inside the region of ZABC. If the distances from P to ВС, СА, АВ 
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аге hı, ha and ha respectively, and hı — ho + h3 = 6, find the area of 


AABC. 
4. (CHINA/1996) Let the heights on three sides of AABC be ha, hy, Re respec- 
tively, and 2b = а + c. Prove that ta = E + ES 
* TU hy ha he 


5. (CHINA/2000) ш AABC, D, E, Е are on the sides ВС, C A, AB respec- 
tively, such that they are concurrent at a point С, BD = 2C D, the areas 
Sı = [GEC] = 3, S2 = [GC D] = 4. Find the area of AABC. 


6. (CHINA/1958) Let AD, BE, CF be the three angle bisectors of the triangle 
ABC, prove that the ratio of area of A.D EF to area of A ABC is equal to 
2 
е , where а = BC,b = СА апа с= AB. 
(a+ b) (b 4- c)(c +a) 
7. Ina trapezium ABC D, AD || BC, the extensions of ВА and СР intersect 
at E. Make EF || BD where EF intersects the extension of CB at F. On 
the extension of BC take G such that CG — BF. Prove EG || AC. 


8. (AIME/1988) Let P be an interior point of triangle ABC and extend lines 
from the vertices through P to the opposite sides. Let a, b, c, and d denote 
the lengths of the segments indicated in the figure below. Find the product 
abcif a +b + c = 43 and d = 3. 


C 


A E B 


9. (CHNMOL/1998) In the isosceles right triangle ABC, AB — 1,ZA — 
90°, E is the midpoint of the leg AC. The point F is on the base BC 
such that EF 1 B E. Find the area of ACEF. 


Testing Questions (В) 


1. (MO/Shortlist/1989) In the convex quadrilateral ABC D, the midpoints of 
BC and AD are E and F respectively. Prove that [ED A] + [FBC] = 
[ABCD]. 


2. (JAPAN/1991) Given that G is the centroid of AABC, GA = 2V3,GB = 
2\/2,GC = 2. Find the area of AABC. 
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(Ceva’s Theorem) Р is an inner point of ААВС. Extend the lines AP, ВР, СР 
to intersect the opposite side at D, E, F respectively, then 


BD CE AP a 
DC EA FB 


(AIME/1992) In triangle ABC, A’, B’, and C" are on the sides ВС, СА, 


and AB, respectively. Given that AA’, BB’, and CC” are concurrent at the 
point O, and that an + Be | = = 92, find 20 : eu : 24 
| OA OB ОС! i OA' OB' OC" 
(AIME/1989) Point P is inside A ABC. Line segments APD, BPE, and 
CPF are drawn with D on BC, E on СА, and F on AB (see the figure 
below). Given that AP = 6, BP = 9, PD = 6, PE = 3, and CF = 20, 
find the area of AABC. 


C 


а) 


(D 
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Divisions of Polynomials 


Long Division: When a whole number n is divided by a non-zero whole 
number 7n, a quotient q and a remainder r can be obtained. The result can 
be written in the form n = mq + r, where 0 € т < т, and the process for 
getting the expression is called division with remainder. 

In the division of polynomials, when a polynomial f(x) is divided by a 
non-zero polynomial g(x) under the usual division (long division), there 
is a quotient q(x) and a remainder r(x), where the degree of f is sum of 
the degrees of g and q, and the degree of r is less than that of g. The result 
can be written in the form 


f(x) = g(x) - q(x) + r(x). 


Synthetic Division. When the divisor g(x) = x — a, where a is a con- 
stant, then q(x) is a polynomial with degree n — 1 if the degree of f(x) is 
n, and the remainder r is a constant. Write 


f(x) = аһа" + ах” poer аул + ao, 
q(z) = b, 12"! + bs ax" 7! bim + bp. 


Since 


а) = (x—a)(b, iz"! + b, oz"! +--+ + bird bo) +7 
b, ix^ st (bn—2 = alga) gti. T (bn—3 = abs -9)g" 7? 
++ (bo — aby)x — abo + r, 


by the comparison of the coefficients of f(x), we have 


bn—1 = Gn, b, 1 = an 1 + abn 1» 5, Во =a, abi, т = ао + або. 
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(ТУ) 
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Thus, the following operation table is obtained: 
а an An—1 Gn—2 ‚ее ay ао 
b ab, 1 abn-2 ee ab, абу 
bn—1 bn—2 b, 3 ii bo T 


Remainder Theorem and Factor Theorem 


Theorem I. The Remainder Theorem: For any constant a, a polynomial 
f (x) of degree n > 1 can be written in the form f(x) = (x — a)q(x) + r, 
q(x) is a polynomial of degree n — 1, апат = f (a). 

For any given constants a and b, a polynomial f(x) of degree n > 2 can 
be written in the form f(x) = (x — a)(a — b)q(x) + r(x), where q(x) isa 
polynomial of degree n — 2, and the remainder r(x) is zero polynomial or 
has degree 1 or zero. 


Theorem II. The Factor Theorem: А polynomial f(x) has the factor 
(a — a) if and only if f (a) = 

Theorem III. For a polynomial with integral coefficients f(x) = anz” + 
аһ 12" 1 +--+ a,x + ао, if it has the factor x — а, where р, q are two 


relatively prime integers, then q is a factor of ао, and p is a factor of an. 


Proof. By the factor theorem, f (1) = 0, therefore 
p 


n n—1 
0= ay (2) + à44 (2) Tecra (2) +% 
p p p 


0 = ang” + as—ipq^ | +- + ар" 1q- agp", 


—аор" = (asq" 1 + au -ipq" ? +-+- + ар"), 
so q | aop", which implies that q | ao since (p, q) = 1. Similarly, we have 


—аһд" = (as 19"! + ay apq^ ? + +++ ap" 29 + аур" !)р, 


so p | anq”, which implies p | a; since (p,q) = 1. 


The Factorization of Symmetric or Cyclic Polynomials. А polynomial 
of multi-variables is called symmetric if the polynomial does not change 
by any permutation of its variables. For example, z + y + z, £? + y? + 
27, xyz, etc.. 
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A symmetric expression containing two variables x and y can be always 
factorized as a product of factors expressed in terms of the basic symmetric 
expressions (x +y), xy; a symmetric expression containing three variables 
x,y, 2 can be always factorized as a product of factors expressed in terms 
of the basic symmetric expressions (x + y+ z),zy + yz + zx, xyz. 

A polynomial of multi-variables is called cyclic if after changing all its 
variables cyclically the resulting polynomial does not change. For exam- 
ple, zyd-yz4- zz, 3?y4-y? z- z?:, (x- y)(y4- z)(z4-x), etc.. A symmetric 
polynomial must be cyclic, but the inverse is not true. 

If a cyclic polynomial has a factor, then the expressions obtained by cycli- 
cally changing its variables of the factor are all factors of the polynomial, 
since the factorization of the polynomial is also cyclic. Based on this fea- 
ture, we can consider one of the variables as the principal one, and the 
others as constants at the moment, so that we get a polynomial of single 
variable. Then it is easy to find a factor by using the factor theorem, and 
using above cyclic feature of the factors, we can obtain the other factors 
at once. Finally, if there are a few constant coefficients to be determined, 
then the coefficient-determining method (cf. Lecture 6) is useful for this. 


Examples 


Example 1. 

(i) When f(x) = 3x? + 5x — 7 is divided by x + 2, find the quotient and 
remainder by long division. 

(ii) When f(x) = 3x4 — 5a? + a? +2 is divided by x” +3, find the quotient 
and remainder by long division. 


Solution By the following long division: 


За? — 5x —8 
3r—1 
2+3 Зх — Ба? -- 22 +2 
2+2 | За? +52 — 7 324 + 912 
3x? + 6x 
—5az? — 812 +2 
-2-7 —523 — 15x 
—®—2 —8z? + 15a +2 
-5 —8z? — 24 
152 + 26 


Therefore 
(i) g(x)=3r-1, r— —5. (ii) q(x)-—3a?—5z—8, r(x) = 152+26. 
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Note: Please compare the long divisions for whole numbers and that for 
polynomials, what are the same features and what are the distinctions? 


Example 2. Use synthetic division to find the quotient and remainder of the poly- 
nomial 22“ — 31? — x? + 5x + 6 when it is divided by x + 1. 


Solution By using synthetic division, the following result is obtained: 


Thus, g(x) = 22? — 5x? + Ar +1, r— 5. 
When a polynomial f(x) is divided by g(x) = ax+b, where a 4 1 and a 5 0, 
the synthetic division still works, since 


f(x) = (ax + 6)q(z) +r = (x 5j - (ад(2х)), 


b 
so we let the divisor be x + — to use the synthetic division first, after getting ag(x) 


and т, the g(x) and т are obtained at once. 


Example 3. Find the quotient and remainder of the polynomial 6x4 — 72? — x? 4-8 
when it is divided by 2x 4- 1. 


Solution Ву using synthetic division to carry out the division (624 — 72° — 
22 + 8) + (x+ 1): 


6 —10 4 —2 9 


therefore 2q(x) = 62 —102?--4x—2,r = 9, so q(x) = 32? —52?-4-2x—1,r = 9. 
Note that the remainder r is not effected by the change of divisor. 


Example 4. If a polynomial f(x) has remainders З and 5 when divided by x — 1 
and x — 2 respectively, find the remainder when f(x) is divided by (x — 1)(x — 2). 
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Solution From the Remainder Theorem, 


f(x) = (x—1)m(z) +3 and qi(z) = (x — 2)фо(ж) + r, 


where ту (x) is the quotient of f when divided by x — 1, д2, r are the quotient and 
remainder of q respectively when divided by x — 2. Then 


f(x) = (x — 1)[( 2) (2) +r] +3 = (x — 1)(x 2) (а) + r(x 1) +3. 


By the Remainder Theorem, we have 5 = f(2) = r(2—1)+3=r+3,sor = 2. 
Thus, the remainder of f when divided by (x — 1)(x — 2) is 22 + 1. 


Example 5. If a polynomial f(x) is divisible by both x — a and x — b, where a, b 
are two different constants, prove that f(x) must be divisible by (x — a)(x — b). 


Solution Similar to the preceding question, let 
f(z)-—(z—a)i(x) and @(т) = (x — b)qa(x) +r, 
then 
f(x) = (x — a)[(x — b)aa(z) + т] = (x — a)(@ — &)чдо(ж) + r(x — a). 
By the Factor Theorem, 
0= f(b-—r(b—a) 2.т=0. 
Thus, f(x) = (x — a)(x — b)qo(x), the conclusion is proven. 
Example 6. Factorize f(x) = xt + x? — Tz? — x +6. 


Solution From Theorem IV, if f(a) = 0 has rational roots, then they must be 
integral roots, and are in the set S = {+1, +2, £3, +6}. Since f(1) = f(—1) = 
0, by the factor theorem, f has factors (x — 1) and (x + 1). To check the other 
numbers in 5, by synthetic division, 


2 1 1 —7 -l1 6 
2 6 —2 -6 


1 3 -1 -3 0 


therefore the quotient qı (2) of f(x) when divided by (x — 2) is z? +32? — z — 3, 
remainder is 0, so x — 2 is the third factor of f(x). Next, we check the factor +3. 
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By synthetic division, 


1 0 —1 0 


Thus, the quotient ф(х) of zx? + 322 — x — 3 when divided by x + 3 is 22 — 1, 
and remainder is 0. So x + 3 is the fourth factor. Thus, 


f(a) = (x — 1)(x + 1)(z — 2)(x + 3). 
Example 7. Factorize the symmetric expression (x + y + z)? — x? — y? — 2°. 


Solution Ву taking x as the principal variable, we define f(x) = (£ + y + 
z)? — z? — y? — 2°. Since 


f(-y) =  - (-y - 0 — 2 = 0, 


(a + у) is a factor of the original expressions, and so are the expressions (y + 2) 
and (2 + х). Assume that 


(z--y--2)5 —29 —5—2? = (z--y)(y--z) (22-2) [A7 ^ - 2?) - B(xy--yz-- zx), 


then the comparison of the coefficients of x+y on both sides leads to A = 5. Let 
x = y = z = 1,1 follows that 243 — 3 = 8[15 + 3B], so В = 5. Thus, 


(z-Fy-- 2)? =a у? – 2° = B(z--y)(y-F x) zb m) +y? +2" Ey yz 4). 
Example 8. (MOSCOW/1940) Factorize (b — с)? + (c — a)? + (a — b)’. 


Solution Taking a as the principal variable and let f(a) = (b — c)? + (c — 
a)? + (a — b)?. Then 


f(b) = (b с) + (c-b)? = 0, 


so (a — b) is a factor of the original expression. Hence (b — c) and (c — a) are also 
the factors. Thus 


(b — c)? + (c— а)? + (a — Б)? = A(b — e)(c— aY(a — b), 


where A is a constant to be determined. Let a = 2,0 = 1,c = 0 on both sides, 
then —6 = —2A, so A = 3. Thus, 


(b — cy? + (c— a)? + (a — Б) = 3(b — с)(с— a) (a — c). 


Lecture Notes on Mathematical Olympiad 99 


Note: Considering (b — с) + (c — a) + (a — b) = 0, the above result can be 
obtained by using the formula и? + v? + w3 — 3uvw = (и + v + w)(u? + v? + 
w? — uv — vw — wu) at once. 


Example 9. Factorize a?(b — c) + b? (c — a) + ?(a — b). 


Solution Taking a as the principal variable and f(a) = a?(b — c) + b?(c — 
a) + с?(а — b), we have 


f(b) = (b с) + (c — b) = 0, 


so (a — Б), (b — c), (c — a) are all factors of the original expression. Then 
a*(b — с) + (c — a) + (a — b) = А(а + b + c)(a — b)(b — c) (c — a). 
Let a = 2,b = 1,с = 0, then 8 — 2 = —6A, ie. A = —1. Thus 


a*(b — с) + (c а) + (a — b) = (a+b + c)(b — с)(а — с)(а — b). 


Testing Questions (А) 


1. Find, by long division and synthetic division respectively, the quotient and 
remainder of 32° — 5x + 6 when it is divided by x — 2. 


2. Use synthetic division to carry out the division (—6x+ — 7x? + 8x + 9) + 
(22 — 1). 


3. Given that f(x) = 24 + 3x? + 8x? — kx + 11 is divisible by x + 3, find the 
value of k. 


4. Given that f(x) = xt — ax? — bx + 2 is divisible by (x + 1)(x + 2), find the 
values of a and b. 


5. Given that a polynomial f(x) has remainders 1,2,3 when divided by (x — 
1), (z — 2), (x — 3), respectively. Find the remainder of f(x) when it is 
divided by (x — 1)(x — 2)(x — 3). 


6. Ifz? — 5ал + 4r is divisible by (x — 2)?, find the values of q and r. 


7. Given that f(x) is a polynomial of degree 3, and its remainders are 2x — 5 
and —3x + 4 when divided by 22 — 1 and x? — 4 respectively. Find the 


f(x). 
8. Factorize x? + 72? + 14x + 8. 
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Factorize x* + y^ + (x + у)“. 


Factorize xy(x? — y?) + yz(y? — 22) + za(z? — 12). 


Testing Questions (В) 


Given that f(x) = x? + ax + b is a polynomial with integral coefficients. If 
f is a common factor of polynomials g(a) = z* — 3x3 + 2x? — 3x + 1 and 
h(x) = За — 9x? + 2x? + 3x — 1, find f(x). 


For any non-negative integers т, n, p, prove that the polynomial x? +a3"+1+ 
х3Р+2 has the factor z? + x + 1. 


Given that f(x) is a polynomial with real coefficients. If there are distinct 
real numbers a, b, c, such that ће remainders of f(x) are a, b, c when f is 
divided by (x — a), (x — Б), (x — c) respectively, prove that f(a) has the 
factor (x — a)(a — b)(a — c). 


Factorize (y? — 22)(1 + zy)(1 + zz) + (22 — 22)(1 + yz)(1 + yz) + (x? — 
12)(1 + zz)(1- zy). 


When f(x) = 2° + 2z? + 3x + 2 is divided by g(x) which is a polynomial 
with integer coefficients, the quotient and remainder are both h(a). Given 
that À is not a constant, find д and A. 


Solutions to Testing Questions 


101 


This page intentionally left blank 


Solutions To Testing Questions 


Solutions to Testing Questions 1 


Testing Questions (1-A) 


2-3 2008 
E9008 eben seg = 
P 3 4 2009 
1 1 1 1 1 
+ + + + 


5x7 7X9 9#Өх11 11x13 13x15 


e a] 


1 1 1 1 1 1 1 1 


10 30 68 154 288 2x5 5x8 14х17 


I CR == 


1 1 1 1 1 
B = -+ = +--+ ==, then the expression 


4' T 2009 2'3 2008' 
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becomes 


1 1 2007 
АП+В)—-(1+А)В=А-В= = : 
И 2000 2 4018 


T: Е The nth term of the sum is 
1 


142+4---+(n4+1) 


Е 1 = 2 E 1 
EDGE) (а+1)(п+2) п+1 n+2/° 


Therefore 


1 1 1 


ПЕР Toes! quos 


OT E 


1 
8. -> For any positive integer k we have 
k k-1 TM 2h: ИИА 
Шу л Ft E T E n 1; = К, 
п(п + 1) 


9. 2019045. By using the formula a? — b? = (a — b)(a + b), 
1? — 2? + 3? — 4^ + - + 20077 — 20087 + 2009? 


= 1 + (3? — 22) + (52 — 4?) +... + (2009? — 2008?) 
2009 x 2010 


=1+2+3+4+5+--- +2008 + 2009 = 
= 2019045. 


10. 2222222184. 


11 + 192 + 1993 + 19994 + --- + 199999998 + 1999999999 
= 20 + 200 + 2000 + --- + 2000000000 — (8 +7 +--+ 1) 


= 2222222220 — 5x9 = 2222222184. 
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Testing Questions  (1-B) 


1. By partitioning the integer and fractional part of each term, 


eds csl аа y „99 +1 
33—1 52-1 72—1 992 — 1 


dance. up к t мыгы elt 
B 32—1 52—1 992 — 1 


2. Let the sum be S. For any positive integer n > 2, 


n n 
[l+2+---+(n—1)j[1+2+---+n] = Gee арш) 
Е 4 29 1 1 
© (n-1)(n-1) "VX(n-1)nm nmn(n-1)/' 
therefore 
2 3 
S = 1 + Tee 
Gates (14+ 2)(1+2 +3) 


100 
+ 
quw HD aas) 


1 1 1 1 
— 1-2 | EE 
(zs m) (z5 TE 
| 1 1 
499-100 100-101 


PL 1 1 = 1 | 
2 10100 5050 


Thus, the difference of the denominator and the numerator is 5049. 


3. Forany positive integer n, 
1 1 | 1 1 


n(n+l)(n+2) 2|[nnc1) (т®+1)(@+2) 
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Therefore 
1 1 1 
1x2x3 2x3x4 * 100x101 x 102 
ıf/ 1 O MM 1 1 
-3 z3)tt wu a) 
1 fi 1 2575 
=3 (5 uus] uus 


4. For any positive integer n, 


1-4 n? + n* = (n? +1)? — п? = (n? — n - 1) (n? -- n 4- 1), 


so that 
TL TL 
l+n2t+nt — (n? — n + 1)(n? 4- n +1) 
1 1 1 
Е n cm 
Therefore 
1 2 3 Р 50 
IFE E 1022004 "143.36! 1450) 50i 
-A[É.d 1 1 1 1 
=5|(+ -G i) ++ (Saar x31) 
1 1 1 2550 1275 
-5| ЭТУ i ТЫТ 


5. Foreach positive integer n, 


n? x (10 — n)? 
n? — 10п +50 (10 – n)? — 10(10 — n) + 50 
2 ER 
E 2n E: 2(10 — n) E 
n?+(10—n)? (10 – п)? +n? 
therefore 
12 22 92 
+ +. + ———— 
12— 104-50 2%—20+50 92 — 90+ 50 


12 92 22 82 
E (095 + т) (aa 2-7) 
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32 72 4? 62 
(gaara тт) | ( | ) 


P—40+50 | 6 —60-- 50 
52 

ауте, 

50450 4t 


Solutions to Testing Questions 2 


Testing Questions (2-А) 


(B) and (C) are not monomial. 


(D) For example x* + 1 + (—a* + 2) = 3 and z* + (—2?) = x4 — 2?. 


Let the other polynomial be P(x). From 


P(x) +222 t x 41 = Р(х) – (222 x 4-1) + 2(22? +: + 1) 
= 5а? — 2x + 4 + Az? + 2x + 2 = 92? + 6. 


Thus, the sum is 9x? + 6. 


From the given conditions we have b — m — 1 — n,c — 2n — 1 — m and 
0.75 — 0.5 = 1.25a, therefore 2n — 1 = 1 +n, ie. n = 2,m = З and 
а = 0.2, so that b = 2, c = 3. Thus, abc = 1.2. 

(C). 


The term with a greatest degree in the product is z? - x = zê 


Since 


28 +2!°+2" = [(24)? + 2(2*)(25) + (25)2] + 2° — 219 
(24 + 29)? + 2% — 210. 
n = 10 is a solution. 


From 3z? + х = 1 we have 3z? + x — 1 = 0. then 


62? — 2? — 3x +2010 = 2z(32? + a — 1) — (32? + — 1) +2009 = 2009. 


Thus, the value of the given expression is 2009. 


(C). When a + b + с 0, from the given equalities we have 


а= (б+с)хт, b-—(a-c)m, c-(adb)x. 
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1 
By adding them up, we obtain 2(a + b + c)r = a + b + с, so z = 5` 


Since b + c Z 0,a + c Z 0,a + b F 0, if one of a,b,c is 0, then, from 
the given equalities, the other two are zeros also, a contradiction. Therefore 
abc # 0. 


When a + b + c = 0, then b + c = —a, a + c = —b, a + b = —c, so 
a b с 
b+c atc a+b 
Thus, the answer is (C). 


1. 


1 1 
9. From the given equality we know that zy Z 0. From — — — = 4 we have 
T y 


y — x = 42у, therefore 


21 + 45у – 209  4xzy—-2(y—z)  4ry—8ry 2 


х= у = 20у 2xy — (y — x) 2ry — 4ry 3° 


Testing Questions (2-В) 


1. (UKJMO/1995(B)) Nine squares are arranged to form a rectangle as shown. 
The smallest square has side of length 1. How big is the next smallest 
square? and how about the area of the rectangle? 


Let A be the smallest square which has sides of length a = 1, В has sides 
of length b, etc. 


From the diagram we see thata < ba<c<d<i,a< f < g < h; also 


e«f«g«b«h,ande « c « d < i. Hence E is the next smallest 
square. 


Nowb=a+g,c=a+b=2a+g,f=g-—aandc+a=f+e.So 


e=ct+a-—f=ct+a-(g-—a)=(2a+9)+a-gta=4a=4. 
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Since d + i = 2d + e == 2c + Зе = 2c + 12a and 


b+gth=a4+3g+ f =3За-+ Af = 4а A(c-F a — e) = 4c — 8a, 


we have 2c + 12a = 4c — 8a, so c = 10a. Hence f = Та, д = 8a,d 
14a, = 18a, h = 15а, and 


Area of the rectangle — 33a x 32a — 1056a? — 1056. 
2. From P(—7) = a(—7)’ + b(—7)? + e(—7) — 5 = 7, we have 
—[а(7)' + (7)? + с(7)] = 12, 
therefore P(7) = a(7) + b(7)? + с(7) — 5 = 212-5 = –17. 


3. Ent | : | b | * 
a b c atb+e 
be+cat+ab _ 1 
abc С bc 


(a + b + c)(bc + ca + ab) = abc, 
(a + b)(bc + ca + ab) + (bc? + ac?) + abe — abc = 0, 
(a + b)(be + ca + ab) + (a +b)? = 0, 
(a + b)[(bc + c?) + (ca + ab)] = 0, 
(a+ b)[(b + c)c (c + b)a] = 0, 
(a + b)(b 4- c)(c 4- a) = 0. 


Thus, a + b = 0orb -- c 2 Оогс+а = 0. 


4. From the given equalities we have z?y?2? = abc, when it is divided by 
y?2? — c?, we obtain 
2 abc ab 
е? c 
ic 2 Ca > be 
Similarly, we have y^ = P 22 = —. Thus, 
a 


КОО E ab Rm bc _ (ab)? + (ca)? + (bc) 
с b а абс 


5. From a* + a? +a? +а -- 1 = 0 we find that a Æ 1, i.e. a — 1 z 0. From 


alat +a? +a? -- a -- 1) — (а -- à? +a? -- a -- 1) 


= a5 Ба + а? E a? ca — а — а? — а —a — 1 — а? — 1, 


we find that a? = 1. Therefore 


ао — (až) ааз) e Teququelo4 
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6. Let x = linthe given equality, we obtain 
(—1)" = Gan + Gan—1 + +41 + ао. 
Let x = —1 in the given equality, we obtain 


1 = à», = Agn—1 + Gan—2 — d2n—3 + `: — Q1 + ао. 


By adding them up, we have 


1-F(—1)" = 2(ag + a» + a4 +--+ + Gon), 


ao + Ag+ Ag bic аљ = т = 0 for odd 
or odd n. 


1-4 (-1)* | 1 for even n, 
2 


Solutions to Testing Questions 3 


Testing Questions (3-A) 


1. (D. 


2. From = = 2 which is a positive integer, k is also positive integer and k is a 
divisor of 12. So 
k=1, 2, 3, 4, 6, 12. 


The number of possible values of k is 6. 


1 
3. From EU « B « dc it follows that 
2+2 12 = 
13x < 36 < 13(x + 2), 
xz <3, ie 2 = 10г2. 
By checking, x = 1 does not satisfy the original equation, and y = 2 


satisfies the given equation. Thus, the answer is (B). 


4. Substituting 4 into the given equation as z, it follows that 


З3а-4=2 +3 = 5 а = 3. 


Thus (Ca)? — 2a = 9—6 = 3. 
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5. From the given equation we have 


n(r—n)-—m(rx—m) m 


When n 4 m, we have z = ; when n = т, no solution. 


6. When a + b = 0, any real number is a solution of the equation. 


When a + b 4 0, from 4ax — (a + b) = 0 we have 4ax = a + b, so the 
a+b 


equation has no solution if a = 0, and z = ifa #0. 
a 
1 
7. From ru 2) = 5(—2) + (—2)?, we obtain m = 9. Therefore 
(m? — 11m + 17)" = (81 — 99 + 172007 = (—1)2007 = —1. 


8. From the given equation we have m?z + 1 = mz + m, therefore 


т(т — 1)z = m — 1. 


(i) When m £ 1 and m z 0, then z = —~ ees 
m(m-1) m 


(i) When m = 1, the equation becomes 0 · x = 0, so апу real number is 


a solution for 2; 


(iii) When m = 0, then the equation becomes 0 - x = —1, no solution for 
1 


9. After arranging the terms of the given equation, we obtain (k? — 2k)r = 
k? — 5k, so 


(k—2)y 2k—5 ог (k—2)x-(k-—5)(k-— 2). 
z. (k — 5)(k — 2) > 0 i.e. (k — 5) апа (k — 2) have same sign. 


Thus, k >50r0<k <2. 
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10. From the given equation we have (2a — 3)x = a — 3. The equation has no 
solution for x means 


2a—3=0 and a—3470, 


3 
soa = >. 
2 


Testing Questions (3-В) 


1. From the first equation we have 


Зх — 6(x + 5) = 20, 


3x — 6x — 2а = 22, 


5z = —2a, .. 2 = – —. 
From the second equation we have 
2(3a + a) – (1+ 42) = 0 
1— 2а 
z` 
2a  1—2a 


Hence we have equation ina: — ЛЕ MEE By solving it, we have 


2x = 1 — 2a, г. £ = 


—4a = 5(1 — 2a) = 5 — 10a — 6a = 5 = a 5. 


Thus, 
2a 2.5 1 
5 56 3 


2. From abc — 1, the given equation can be changed in the form 


2abcx | 2bx ii 2bcx E 
ab.bc--a:bc--bc be+b+1 cab cb b C 
2x 2bx ; 2bex _ 
b+l+be be+b+1° 1+be+b C 
2(1--b-bc)r _ INE 
б+ё+1 tec 
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Let the positive integer solution be x. From the given equation we have 


3. 
8 9 5 

= 123 = ғ — 123. 

m ( ): 3 12? 3 


i.e. the minimum value of k is 25. Thus, x = 300, Mmin = 5k — 123 = 2. 


4. From3[4x — (2x — 6)| = 112 + 8 we have 
5x = 10 C=): 


3(2x +6) = 11z +8 — 62 + 18 = 11r +8 


1 
Therefore there are infinitely many required equations, say 324 c 0 
satisfies the requirement. 
5. Forn = 1,2,...,2008, 
1 An 
Qn--1 = 1 => np] = TT == ün410n T Qn--1 = Qn 
аһ +1 


1+— 


an 
=> Anan, = An — An+1; 


therefore 


40102 + à203 + азад + +++ + 0200892009 
= (а — ао) + (a2 — аз) +--+ + (a2008 — a2009) 


= Q1 — 42009. 
a 
” — we find that 


On the other hand, From the formula an, = 
an 


1 1 1 
= 2, аз = =, ад = =. 
a2 2 3 ; ал 7 
1 = 1 

Assuming an-ı = ——~, we obtain an = St = —, therefore 

n-l n—1 + 1 

І а 
а = —,an 
2009 = 5009’ 
1 2008 


+ + He iret == — o9nna' 
ата + 0203 + азад 0200802009 2009 2009 
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Solutions to Test questions 4 


Testing Questions (4-A) 


1. By substituting the solution (2, 1) into equations, we obtain 


2a+b=7, 
2b 4- c — 5. 


After eliminating b, we obtain 4a — c — 9. The answer is C. 
2. From the first equation of the first system we get y = 3r—5. By substituting it 
into the last equation of the second system, it follows that 2z--3(3x —5)) = 
—4, so x = 1,y = —2. Then, the second equation of the first system yields 
z = 0. Thus, from the second equation of the second system, c = 4. By 
solving the system 
4a — 10b = —22, a+2b=8, 
the solution for a and b is obtained: a = 2, b = 3. Thus, the answer is (A). 
3. The given system can be expressed in the form 
1 
kx — y = — + 
2—53 3 
бх + Зу = 1. 


k ,—1 
(1) When 6 Æ 3° Le. k 5 —2, the system has unique solution 


1 
=> 0 = ——. 
x y 3 
1 
(2) When QE the system has infinitely many solutions. 


(3) Thus, its impossible that the system has no solution. 


4. Since abc 5 0, by writing down the given equations in the form 


a+b 1 a+c 1 b+c 1 
ab X ac 5? bc 4! 


5. 


6. 
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we obtain the new system satisfied by а, b, c: 


1 


elme Ile NI FR 


оњ от е1 


Ву 1((15.1) + (15.2) + (15.3)), it follows that 


NEN 
a b c 40 
1 T... 
By (154) — (15.1), then — = ——, ie. c= —40. 
с 40 
1 11 40 
By (15.4) — (15.2), then — = —,ie. b= —. 
y (15.4) — (15.2), enz e 11 
1 9 40 
By (15.4) — (15.3), then — = —, i.e. a = 
y (15.4) — (15.3), еп =e а= 


Lyk = 9 
y-z-x = 1 
z—ry—y = -15. 
By (15.5) + (15.6) + (15.7), 
т+у+2=9. 
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(15.1) 
(15.2) 


(15.3) 


(15.4) 


Let the given equations be equations (15.5), (15.6), (15.7), respectively. 


(15.5) 
(15.6) 
(15.7) 


(15.8) 


By (15.6) + (15.7), it follows that 2x = 14, i.e. 2 = 7. Similarly, by (15.6) 


+ (15.8) and (15.7) + (15.8) respectively we obtain 


у = 5, 2 = —3. 


Thus, ће solution is x = 7, y = 5, z = —3. 


Let 


r—yctz 
y-z+tu = 
z= pu = 


=v t= 


л A фо Ne 


v—rzty = 


(15.9) 
(15.10) 
(15.11) 
(15.12) 
(15.13) 
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By (15.9) + (15.10) + (15.11) + (15.12) + (15.13), it follows that 


atytztutv=15. (15.14) 


By (15.9) + (15.10), (15.10) + (15.11), (15.11) + (15.12), (15.12) + (15.13), 
(15.13) 4- (15.9) respectively, we obtain 


т+и = 3 (15.15) 
ytv = 5 (15.16) 
ztz = 7 (15.17) 
uty = 9 (15.18) 
v+z = 6. (15.19) 


By (15.15) + (15.16) + (15.17) — (15.14), (15.16) + (15.17) + (15.18) 
— (15.14), (15.17) + (15.18) + (15.19) — (15.14), (15.18) + (15.19) + 
(15.15) — (15.14), (15.19) 4- (15.15) 4- (15.16) — (15.14) respectively, it 
follows that 


т. Ву (4.25) — (4.26) to eliminate х, it follows that 
8 


8. 


9. 


ае Dieses]: 
y z z 
V urs : 4 4 as 
3 x (4.25) + (4.26) eliminates y and yields — + - = 0, i.e. — = —1. 
ix x 
tes Я 8 8 ob 
5 x (4.25) + 3 x (4.26) eliminates 2 and yields — — — = 0, i.e. — = 1. 
T y y 


СИЮ де ed НЕА 
у X: T 


By adding the two equations, we obtain (m + 3)a = 10, so 


10 3 l5 
m+3’ 2 m+3 


Since m + 3 | 10 and m + 3 | 15, so m + 3 | 5. Thus, m = 2 and m? = 4. 


Let S =a +b+c+d+e+ f. Then 
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f+d+6=f+742—>d=3. 
а+з+2= | +7+2 = а= } +4. 
e+8=f+9=>e=f-1 
a+f=3+f-1=—f=0. 

ла= 4,е= –1,с=9 а= 5, 

b = 9 — 4 — 6 = —1. Thus 


at+b+c+d+e+f=3x9-6-7-2=12. 


10. By (4.29) — (4.28) — (4.27), we obtain —4z = —12, so z = 3. Substituting 
it into the equations (4.27), (4.29), and (4.30), it follows that 


®+у+ъ=Т, (15.20) 
32 + 2y + 4u = 24, (15.21) 
4x + Зу + 2и = 19. (15.22) 


By (15.22) — (15.20) — (15.21), we obtain —3u = —12, so и = 4. Substi- 
tuting it into (15.20) and (15.21), it follows that 


т+у=8, 3r + 2у = 8. 


By solving it, we obtain x = 2, y = 1. Thus, x = 2,у = 1,2 = 3,y = 4. 
Testing Questions (4-В) 


1. From that the system has no solution we find that > 


3 2 
m = E: and n is even satisfying —9 - 3 <п<9. 


“ + 1 Therefore 
n 4 


le. 


wiw |l 


—6 € n € 6. 


So n = —6, —4, —2,0,2,4,6, and correspondingly, m = —9, —6, —3, 
0, 3,6, 9. That is, (m, n) can be one of 


(—9, —6), (—6, —4), (—3, —2), (0,0), (3,2), (6,4), (9,6). 


2. Combine the left hand side of each equation, then let x + y + z = t, we have 
cy + xz = 2t, (15.23) 
yz + xy = 3t, (15.24) 
zxz + уз = 4t. (15.25) 
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Besides, 5 ((15.23) + (15.24) + (15.25)) yields 


9 
zy + yz + zz = af (15.26) 


From (15.26) — (15.23), (15.26) — (15.24), (15.26) — (15.25), respectively, 
it follows that 


ee ee 
ty = zb yz — 5t, zz = 5t. 
Since х,у, z #0,t Z 0. It’s easy to see that x : y : z = 3:5: 15, therefore 
3 А 5 А 15, 
=: Е, = — 2S. = 
ges лыг, 
15 2 i ; 23? 
ху = =t = = = —. 
МЕ M 30 
2 23 23 
Thus, ж = =, y——— x EL By checking, the triple satisfies the 
original equation, so it is the solution. 
3. The system can be rewritten in the form 
x(x +y +z) = 60, (15.27) 
ylz + у+ 2) = 75, (15.28) 
#(ж +y +z) = 90. (15.29) 


By adding them, we obtain (a + y + z)? = 225, i.e. 

ety+z2=H15. (15.30) 
By substituting back (15.30) into (15.27), (15.28), (15.29) respectively, we 
obtain x —4,9y = 5,2 = 60rzc 4, y 5,2 б. 


оаа ас 96 


4a — 3 


4. Ву (4.31) +2 x (4.32), it follows that x = and by 


2 x (4.31) — (4.32), it follows that 5y = 4a — 13, so y = 


56 — За > 5 and 4a — 13 > 5 implies that 4 < a < 19. From 5 | (1 — 3a), 
the units’ digit of a may be 2 or 7. From 5 | (4a — 3), the units’ digit of 
ais 2. Thus, a = 12. By checking, when a = 12, the system has solution 
т=4,у=7. 


5. By adding up (4.33),--- , (4.37) and then divided by 6, it follows that 
r+y+z+u+v=16. (15.31) 


Use each of the given 5 equations minus (15.31), we obtain 


1=0, у=1, z=3, u=5, v-T. 
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Solutions to Testing Questions 5 


Testing Question (5-A) 


1. From a? + b? + 8a — 14b + 65 = 0, 


(a? + 8a + 16) + (b? — 14b + 49) = 0, 
(a 4- 4)? + (b — 7)? = 0. 


Since (a + 4)? > 0 and (b — 7)? > 0 for any real numbers a and b, we 
obtain a + 4 = 0 and b — 7 = 0, i.e. a= —4, b = 7. Therefore 


a? + ab +b? = (—4)? – (4)(7) + 7? = 37. 
2. Froma—b=2,b—c=4 we have c — а = —6. Thus 


a? +b? +c? — ab — bc — са 


= а) + (0 — o? (с a] = 2-« 8-18 = 28. 


(a? a 02) (с2 zi d?) = a? 2 1. а2 2 ЕР b2¢2 us b2q? 
= [(ac)? + 2abed + (bd)?] + [(ad)? — 2abcd + (bc)?] 
= (ac + bd)? + (ad — bc)?. 


4. Fromthe given equality, 


14a? + 14b? + 14c? = a? + 4b? + 9c? + 4ab + бас + 12bc, 
13a? + 10b? + 5c? — 4ab — 6ac — 12bc = 0, 
(4a? — 4ab + b?) + (9b? — 12bc + 4c?) + (9a? — бас + c?) = 0, 
(2a — b)? + (3b — 2c)? + (За — c? = 0. 


Since any square is non-negative, we have 2a—b = 0, 30—2с = 0, 3a-c = 


0, i.e. 
b — 2a, c — 3a. 
Thus, а: b:c— 1:2:3. 
5. Itis obvious that x 5 0. Then 
@ 1 


SONNO 1 TE 
r+—)+3 
ИА 
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Therefore 
z? _ 1 _ 1 
х4 +За2 +1 — 1 i jx? 
(P+) +3 (e+) +1 
T x 
a? a? 
~ fi-3aV |  -3a?-ca? 10a2—6at1 
( ) +1 
а 
1 
6. First of all, we have 22 + — = а? – 2. Then 
£ 
Н 1 1 
а + ; = (+ (2) = (2+2) (s L1) 
= (а? — 2)[(a? — 2)? — 3] = (a? — 2)? — 3(a? — 2). 
7. 


0 = a'-U - c! + 0 — 4abed 
= (а — 24252 + b*) + (c* — 22d? + а) + 2(а252 — 2abed + cd?) 
(a? — 02)? + (c? — d?)? + 2(ab — cd)?, 


therefore a? = 62, c? = d?,ab = cd, and they imply a? = c?. Thus, the 
conclusion is proven. 


8 Froma+b+ c+ d = 0 we have a +b = —(c + d). By taking power 3, 


a? + 3a?b + 3ab? + b? = —(c? + 3c?d + 3cd? + c?) 
= —е% — 3c?d — Зса? — а, 

+ c? + d? = —3a?b — 3ab? — 3c?d — 3cd? 

= 3ab[— (a + )] + 3ed[— (c + d)], 


a? + 0 


^. a? +b + c? + а = 3ab(c-- d) +3cd(a+b) = 3(abe+bed+ cda + dab). 


9. Letz—2 = u,y—2 = 0,2—2 = ш. Then u?--4? 0° = 0 and u+v+w = 0. 
From the identity 


иЗ -- v? + ш? — 3uvw = (ut v + ш) (и? +? +w’), 
we have —3uvw = 0, i.e. 
(x — 2)(y — 2)(z — 2) — 0, 


so x — 2 = Q or y — 2 = 0 or z — 2 = 0, the conclusion is proven. 
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10. From 


c) — a? — 2 — с? = [(a +b + с)? — а) — (09 + с?) 
b+ c)[(a + b -- c)? + (a -- b 4- c)a + а] — (b+ c)(b^ — be -- с?) 
b + c)[3a? noe + 3ab + 3ca + 2bc — b? — c? + bc) 

(a? + ab + bc + ca) = 3(b + c)[(a? + ab) + (be + ca)] 

[a(a + b) + c(a + b)] = 3(b + c)(c + a) (a + b). 


The given equation means that (a + b + c)? — a? — b? — c? = 0, therefore 


3(b + c) 
= 3(0+ c) 


3(b + c)(c -- a)(a -- b) = 0, 


which implies b + c = 0 or c + a = 0 or a + b = 0. In anyone of the three 
possible cases, we have the equality 


а2"+1 As pert Дь cant = (a+ b+ eo 


Testing Questions  (5-B) 


1. From 
М = а ан 
= 2(22 – Ату + 4y?) + (x? — 42+ 4) 4 
2(x — 2y)? + (x — 2)? + (y н з)? > 0. 
M is not negative. Further, the system x — 2y = 0,2 = 2,y + 3 = 0 has 
no solution for (x, y), so M must be positive, i.e. the answer is (A). 


(y? + бу + 9) 


I 


2. From the given conditions we have a — c = d — band a? —  — d? — 02, 
therefore 


(a — c)(a + c) = (d — b)(d + b). 
Ifa—c = 0 = d = b, the conclusion is true obviously. If a —c = d—b 5 0, 
then a + c = d + b. Considering a — c = d — b, we obtain 
а= d and c= b, 
so the conclusion holds also. 


3. Froma+b+c=0, 
2(a* +b + ct) — (a? +? + c?)? = at + + с“ — 2а252 — 2? c? — 22a? 
a? — 2 — c2)? — A? c? = (a? — 2 — с2)2 — (2bc)? 
a? — b? — c? + 2bc)(a? — b? — c? — 2bc) 
(a? — (b — e)?](a? — (b + ¢)?] 
а= + c)(a4-6— c)(a— b — c)(a-- b-- c) = 0. 


122 Solutions to Testing Questions 


4. From (a? + 5?)(a* + b+) = (а? +b”) + (ab)? (a + b) we have 


a’ +b” = (а + 08)(а + b*) — (ab)?(a +b) 


= (a+b)[(a+ b)? – 3ab] - ((a? + 67)? — 2(ab)?]. 
Therefore it suffices to find the value of ab. Since 


1 1 1 
ab = 2185) — ке 6) = z [1-2] — —5; 
we have 


1 1\2 NE g TAr 
T b = 1— == . 2 t — s | = E 
PIN $139 EC UG 2 22'8 8 


5. Leta-4- b = x. Then a? + b? + 3ab = 1 implies 


(a+ Б) [(а + b)? — 3ab] + 3ab — 1 = 0, 
x? — 3abx + 3ab — 1 = 0. 


Since 


x? — 3abr + 3ab — 1 = z?(x — 1) + (x — 1)(z + 1) — 3ab(z — 1) 
= (x — 1)(z? + x + 1 — 3ab), 


we obtain (x — 1)(z? + x + 1 — 3ab) = 0. 


When ж — 1 = 0, we have a + b = 1. When x? + z + 1 — Заб = 0, then 
(a+ b)? +а +6 + 1 – 3ab = 0, іе. a? +b? -ab+a+b+1=0. By 
completing squares, we have 


(а) + (а + 1)? + (+ 1)?] = 0, 


hence a = b = —1, so a + b = —2. By checking, a + b = 1 or a = b = —1 
satisfy the original equation. Thus, a + b = 1 or a + b = —2. 


Solutions to Testing Questions (6) 


Testing Questions (6-A) 


1. Factorizations: 
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(i) x? + 7293? 
3 


7a%y® + y? = [(z?)? + (y? QC ty?) 
= ( 34y 6 3) 
34y 


J(z8 — 23у? +y E + 7x3y3(x23 + у 

3) (x4 + 623 y? + y^). 

(ii) 422 + y? + 92? — 6yz + 1221 — Ату 
= (2x)? + (=y)? + (32)? + 2(—у)(32) + 2(32) 2) + 2(22)(—y) 
= (2x — y + 3z)?. 

(ii) Let y= x + 2, then 
(22 — 1)(z + 3)(z +5) +16 = (x — 1)(x + 1)(z + 3)(x + 5) +16 
= (y — 3)(y — 1)(у + 1)(y + 3) + 16 

y? — 1)(02 — 9) + 16 = y^ — 10y? + 25 

? — 5)? = (а + 2)? — 5]? = (x? + Ax — 1). 


= WU 
(v) (22? — 4x + 1)? — 142? + 282 +3 
2x? — Ax + 1)? — 7(2z? — Ax + 1) +10 
23? — da + 1 — 2)(222 — Ax + 1 — 5) 
= (222 — Ax — 1) (2x? — 4x — 4) = 2(2z? — 4x — 1)(z? — 2x 2). 
(у) 23 —3z?- (a+ 2)x — 2a = (x? — 22?) — [x? — 2(a + 1)z + 4a] 
= z?(x — 2) — (x — 2a)(x — 2) = (x — 2)(z? — x + 2a). 


12 _ 6 _.. 6 


r—1 - r—1 


2. Factorizations: 


(i) a+ —2(a? + Ь?)х° + (a? — 02)? 


x? — (a + b)?|[x? — (a — b)?] 


= (z—a-—b)(z-4-a-b)(x—a-db)(x-4-a-— Б). 
Gi) (00+ 1) (а+1)(0+1) + ab = (ab 4- 1)(ab 4- a 4- b 4- 1) —- ab 
= (ab + 1)(ab -- b+ 1) + (ab + 1)a + ab 
= (ab + 1)(ab -- b 4- 1) + a(ab 4- b 4- 1) 
= (ab 4- b 4- 1)(ab -- a 4- 1). 
3. From 


816—9.277 9H = 912 3.9191 = 911(9—3—1) = 5.911 = 45.919, 


the expression has a factor 45. 
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33-..33.— 66 ·· - 66 
М, —— 


2n digits п digits 
= 33.33.10" + 33---33—66---66 = 33-33-10" — 33--- 33 
——” ————  ———— —— 


a? +b? + c? + (а + b)(b4+ с)(с+ а) — 2abc 
= (аЗ + 63 + c3 — 3abc) + (t — c)(t — a)(t — b) + abc 
= а? +b? +c? — ab — bc — ca) + t? — (а 


6). 


n digits n digits n digits n digits n digits 
= 33- - - 33(10” — 1) = 33 - - -33 -99 - - -99 
—— —— WV” 
n digits n digits т digits 
= (33---33)?-9 = (66---66)?. 
——^ x= 
n digits n digits 
5. Factorizations: 
(i)  Lety — а? + zx — 1, then 
(£? z—1)-c42242—-32y?4y-2-(y-2)(y-1) 
= (£? + x — 3)(x? + 2) = 2(2+ 1)(z? + z — 3). 
Gi) Letu=ax—-y, v=y-—2-2, w-—2,then ud + v = 0, 
(x — у)? + (y — z — 2)? +8 = u? + v? + w’ 
= 3uvw + (u + v + ш) (u? +0? + w? — uv — vw — wu) 
= 3uvw = 3(z — y)(y — z — 2)(2) = —6(z — (s — y + 2) 
(iii) Let y = 6x + 5, then 
1 
(6x + 5)2(32 + 2)(z +1) - 6 = me 1)(у+1) – 6 
= Ly -10-6-lgi-y 72) 
12 12 
1 1 
= 157 — 9)(y? +8) = l6 + 5)? — 3°][(6бх + 5)? + 8] 
1 
E Tp 67 + 8)(6z + 2)(36a? + 60x + 33) 
= (3x + 4)(32 + 1)(12z? + 20x + 11). 
(iv) Let y = x? + 5x + 6, then 
(x? + 5a + 6)(22 + 62 + 6) — 22? = y(y + x) – 222 
= y^ + ay — 2x? = (y + 2x)(y— x) 
= (22 + 7x + 6)(22 + Ax + 6) = (x + 1)(x + 6)(22 + Ax 4 
(у) Letu = z? — 2z, v = a? — 4r +2, ш = —2(z? — 3x + 1), 
then u + v + w = 0, so и? + v? + ш? = 3uvw 
= —6(a? — Ax)(x? — 4x + 2)(a? — 3x + 1). 
(vi) Lett — a+ b+ c. Then 


+(ca + bc + ab)t = (a? + b? + с?) = (a + b 
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6. (G) From x? – ху —2y? = (x — 2y)(x + y), we let x? — zy — 2y? + 81 4 
ay —9 = (a—2y+b)(a+y-+c), the constants are to be determined below. 
Then 


z?— yy — 2y? --8z -- ay — 9 = 12 — zy — 2y? + (b+ с)х + (b — 2c)g + bc. 


By the comparison of coefficients, the system of equations in b,c is ob- 
tained: 
b+c=8, b—2c—a, bc——9. 


Then the first and third equations yield the solutions for (b, c): 
(b,c) 2(9,—1) or (b,c) = (-1,9). 


Ifb=9,c=—1, then a = b — 2с = 11; 
If b = –1,с = 9, then a = —1 — 18 = —19. Thus, a = 11 or —19. 


(ii) Let z* — x? + 42? + 3x +5 = (x? + ax + 6) (22 + ex + d). By 
expansion, 


(z?--az--b) (z?--ex--d) = x*--(a--c)a? -- (ac--b4- d)? -- (ad--bc)a--bd. 
The comparison of coefficients produce the following equations 
а+с= –1, ac+b+d= 4, аа+фс = 3, bd = 5. 


If try b = 1,4 = 5, then the third equation yields 5a + c = 3. Considering 
the first equation, we obtain а = 1,c = —2. By checking, the second 
equation is satisfied by the solution. So 


п — z? 4640? 304-5 = (z^-- z--1)(z? — 2g + 5). 


т. Given that y? 4- 3y-- 6 is a factor of the polynomial y* — 6y? 4- my? -- ny +36. 
Find the values of constants m and n. 


Suppose that y^ — 6y? + my? + ny + 36 = (y? + 3y + 6)(y? + ay + Б), 
where a, b are constants to be determined below. From 


(y? +3y+6)(y?+ay+b) = y+ (a--3)y? -- (3a-4-b-- 6)? 4- (6a.--3b) y 4-65, 
we have system of simultaneous equations 
a+3=-6, 3a+6+6=m, 6a+3b=n, 6b= 36. 


Therefore a = —9 and b = 6. Then m = —15,n = —36. 
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Testing Questions  (6-B) 


1. Leta? +62+1=u,2? +1 = v, then 
2(z? + 6x + 1)? + 5(z? + 1) (x? + 6x 4-1) + 2(z? + 1)? 


БЕСЕ = did du ) 
= [2(z? + 6x + 1) + (22 + 1)][(z? + 6x + 1) + 2(x? +1) 
= (3x? + 122 + 3) (32? + 6x + 3) = 9(z? + Ax + 1) (x + 1)?. 


2. Letz + az? + b = (x? + 2x + 5)(x? + cx + d). From 


(22 + 2a + 5) (x? + ex + d) 
= a^ + (2 + c)z? + (2c + d+ 5)a? + (5c + 24)х + 5d, 


we have the system of simultaneous equations 


2+c=0, 2c+d+5=a, 5c+2d=0, 5d=b, 


hence c = —2, d = 5,а = 6,0 = 25. Thus, a+ b = 31. 
cd)(a? — b? + c? — d?) + (ac + bd)(a? +b? — c? — 4?) 


d?) — (ab + cd — ac — bd)(b? — c?) 


d)(b а d)(a + d) – (a – d)(b — c)(b — c)(b + c) 
(b + c)[(a + d}? — (b с)?] 
( 


= ( 
Bo cd 4 bd)(a 
= ( 
= ( 


ауз + 3a?bxy? + ЗаЬ®х° у + Бхз, 
= a?z? + 3a?ba?y + 3a? zy? + Ь%у°, 
(a3 + b?)(x3 + y’) = a?z? + aby? + 5х3 + 033, 


therefore 


(ay + bz)? + (ax + by)? — (a? + b?) (x? + y?) 
= 3a? by? + 3al?x?y + 3a?ba?y + 3ab? xy? 


ab + cd)[(a? — d?) — (b? — c?)] + (ac + ba)[(a? — d?) + (02 — с?)] 


= 3abry(ay + bx + ax + by) = 3abxy|(a(y + x) + O(a + y)] 


= 8abry(a+t Ь)( + y). 


5. Wehave 


ab — ab? = ab(a* — bt) = ab(a — b)(a + b)(a? + 02), 
bc — bc5 = be(b* — c*) = be(b — c) (b + c)(? + с2), 


ča — са? = ca(c* — a*) = ca(c — а)(с+ a)(c? + a?). 
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If a, b have same parity, then a— b, a+b and a? +b? are all even, so a?b— ab? 
is divisible by 8. 


If a and b have different parity, then the parity of c must be the same as a or 
b, say a and c have same parity, then c?a — ca? is divisible by 8. 
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Testing Questions (7-A) 


1. Forz > 0, CER И ы ж 
x x £ 
For x « 0, EST рш б ДУА 
x x 
22 —1 5—3 
2. E 1> = j «э 20221) — 6 > Ge 3(5 — 32) 


7> rees 


For z < —3, |x — 1| — |z + 3| = (1 — x) + (3 + x) = 4, so its maximum 
value and minimum value are both 4. 


7 
Бог -3 <a < 11871-12 +31 = (1 х) – (3 + x) = —2 — 22, 
so its maximum value is —2 — 2(—3) = 4, апа its minimum value is —2 — 


7 3 
eae, ee 
11 911 


А А Ye : 3 
Thus, the maximum value is 4, and the minimum value is — TE 


3. Forz «0, [1 -z| 2 1 4 |z| < |x — 1| = 1 — т, the answer is (D); 


For 0 < x < 1, |1 — z| = 1 + |z| <= 1 — z = 1 + x, i.e. x = 0. The 
answer is (A), (B), (D); 


For 1 < 2, |1 — z| = 1 + |z| = z — 1 = 1 + z, so no solution. 
Thus, the answer is (D). 

4. Forz < -—1, |z +1|+ |z- 2|+|z-— 3| = -(z-1) -( 2) - (2-3) = 
4— 3x > 7; 


For —1 < x €2,|z41|4-|z-2| -|z —3| 2 (2+1) -(z-2) - (2-3) = 
6 — x > 4, the minimum value is 4; 
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For2 < ж < 3, |z - 1] -- | 2] -|z 3| = (z-1) -(z -2) - (x -3) = 
x + 2 > 4, the minimum value is 4; 

For3 < a, |+1|+|®—2|+|ж—3| = (v+1)+(a—-2)+(a-3) = 3х—4 > 4, 
the minimum value is 5. 


Thus, the global minimum value is 4. 
||| — 2| _ [254—322] _ —3т 
3 3 ВЕ 
Let $ = |x — a| + |x — b| + |x — e| + |z |. |x — c| + |x — b| is minimum 
if and only if b € x < c, and similarly, |x — a| + |x — d| is minimum if and 
only if a < x < d. Thus S is minimum if and only if b < x < c, and in the 
case 


= x. 


S = |c— 6| + |d — а. 
Note: The same result can be obtained also if partition the number axis as 
five intervals : 2 < а, а xz «xbb«mr«oc,c € x < а, апаа € г, and 
then discuss the local minimum values on each interval. 


When a + b > 0, we have a + b = a — b, so b = 0. When a + b < 0, then 
—(a + b) = a — b, so а = 0. Thus, ab = 0 in any case. 


Given that a, b, c are integers. If |a — b|!? + |с — а|!9 = 1, find the value of 
c — a| + ja — b| + |b — cl. 


Only two cases are possible: |a—b| = 1, |c—a| = 0 or |a—b| = 0, |c— a| = 
1, so it is always true that 


lc—al+la—b]+|lb—cl =14+1=2. 


Given a = 2009. Find the value of |2a? — За? — 2a + 1| — |2a? — За? – За 
2009]. 
2a? — За? — 2a + 1 = a(2à? — 3a — 2) + 1 = a(2a-1)(a —2) +1> 0 
and 2a? — За? — За — 2009 = a(a? — За — 4) = a(a + 1)(а — 4) > 0, so 
|2а3 — 3a? — 2a + 1| — |2a? — За? — За — 2009] 
= (2a? — За? — 2a + 1) — (2a? — За? — За — 2009) 
= —2a + За + 2010 = a+ 2010 = 4019. 


||z — a| — b| = 3 => |z — a| — b = 3 or |z — a| - b = —3. 


If |x — a| = 3 + b has exactly one solution and |x — a| = —3 + b has two 
solutions, then b = —3 and |z — a| = —6 has two solutions, a contradiction. 
Therefore |x — a| = 3 + b has two solutions and |x — a| = —3 + b has 


exactly one solution. Thus, b = 3 and the three distinct solutions are 


121—403, t2=a+6, 23 = а – 6. 
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Testing Questions  (7-B) 


1. We estimate the lower bound of n first. From |i + £2 +---+2,| > 0 and 


|z;| <1 fori = 1,2,...,n, we have 
n > |z| + |2| +--+ + len| = 49 + |i + 22 + Ба | > 49. 
For n = 50, we take z1,22,::: , 250 by 


QU [ 098 i — 1,3,5,...,49, 
i=] —098 4=2,4,6,...,50, 


then x1, £2,..., £50 satisfy the requirement of the problem. Thus nyin = 
50. 


2. Let S = |x — ai| + |z — ag|+---+ |y — an|. Since |x — a| + |x — b| takes 
it minimum value |b — a| if and only if a € x < b. 
If n is even, i.e. п = 2k for some natural number k, we have 


кеи ee eer AE 
|z — ао | + |£ — an-1| > аһ—1— a2, 


|z = а» | + |z — a241| > аз — аз. 


By adding them up, we obtain a lower bound 


S > Gn + аъ-1 +--+ Баз an —@n_1—+++— a2 — 01. 
For any x satisfying a» = 2 < аз +1, above inequalities all become equal- 
ities, so the lower bound is the minimum value of S. 


If n is odd, i.e. n = 2k + 1 for some natural number k, similar reasoning 
shows that when £ = а»+1 = арфі, 5 takes its minimum value 
2 


аһ + An—1 Б Anti 44 ап-1 ап-3 t — Q2 — 04. 
2 


2 2 


3. Since in the simplified expression there is no z, it should be true that |4 — 
5z| = 4 — 5x and |1 — 3a| = 3x — 1, i.e. 


1-32 x0 and 4—5z20, 
1 4 - 
hence 3 SS 5 In fact, on this interval 


Qe + |4 — 55| + |1 – 32| +4 2 2r +4— 5r +3r—1+4=7. 
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4. Fromb+ c= —a,a + c= —b,a + b = —c we have 


b b 
so d, PE ld deb BL leda 


|. btc a+c a+b —a  —b с 


therefore 


22007 — 20072 + 2007 = —1 + 2007 + 2007 = 4013. 


5. We suspect by considering 1 to 4, or 1 to 6 etc, that each pair (a;, b;) contains 
one number not less than 100 and one number not greater than 100. In 
fact, if a; > 100, 0; > 100 for some natural number i, then the following 
101(= 100 — (i — 1) + = 101 numbers 


Qj, Qi 41, - - , @100; 01, 02, . . . , bi 


are all greater than 100, a contradiction. Similarly, there is no pair (a;, bi) 
with both a; and b; less than 100. Thus, 


|а — | + Jaz — bg| + +++ + [ago — bg9| + [алоо — P100] 


= 101 + 102 4- --- 4-200 — (1 +2 +3 +--+ 100) 
— 100 x 100 — 10000. 
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Testing Question (8-А) 


3 
1. |5a — 4| — 2x = 3 yields |52 — 4| = 2r + 3, then x > =, апа 


|5х —4| = 22 +3 => 5x — 4 = 2r -3 or 5 4 = —2r — 3 


— 1 : or : 
= — T= =; 
3 T 
T 
2: When a < —5, then 
7 
|2a+ 7| + 2a — 1| = 8 — —(2a +7) – (2a — 1) = 8 — a= — 7, no 


solution. 


When 27 <а < = then 
2 2 
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[2a + 7| + |2a — 1| = 8 => (2a + 7) — (2a — 1) = 8 < 8 = 8, so 
а=—3Зу—2у—1,0, 


1 
When 2 « a, then 


[2a + 7| + |2a — 1| = 8 = (2a + 7) + (2a — 1) = 8 < a = c, no 
solution. 


Thus, а = —3, —2, —1,0, the answer is (B). 


3. |r—|2r 1| 23 x —|2r -1| 23 or x- |2z 4- 1| = —3 
—0zz-3-2][2-1|or0zz-432]|2z-4 1]. 


From ж — 3 = |22 + 1| we have 2a + 1 = z — 3 or 2x + 1 = 3— z, ie. 


т=—4огт= 3 however, they are less than 3, so not applicable. 


From x + 3 = |22 + 1| we have 22 + 1 = z +3 or 2x + 1 = —7 — 3, ie. 
4 


r—20rz-—--. 
3 
Thus, the answer is (C). 


1 
4. Let x bea negative solution. Then —z = ax + 1 i.e. х= ed « 0. 
а 
Therefore a + 1 > 0, i.e. a > —1. 


On the other hand, if x; > 0 is a positive solution of the equation, then 


ту = azı +1 4> T1 = qu > 0 <= a < 1. Since the equation has no 
positive solution, we must have a > 1. 


Thus, a > 1, the answer is (C). 


5. Itis clear that a > 0, and then ||r — 2| Ц = a => |z 2] - 1 = a or 
|z — 2|- 1 = —a. 


If |x — 2| — 1 = a has two integer solutions and |x — 2| — 1 = —a has only 
one integer solution, then 1 — a = 0, i.e. а = 1. 

If |x — 2| — 1 = a has only one integer solution and |x — 2| — 1 = —a has 
two integer solutions, then 1 + a = 0, i.e. a = —1,a contradiction. 


Thus, a — 1, the answer is (B). 


6. For z < 0, the equation becomes —az — 2008x — 2008? = 0, i.e. (a + 
2008)z = —20087. Since the equation has negative solution, so a.4- 2008 > 
0, i.e. a > —2008. 
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The given equation cannot have solution x — 0. If the equation has a posi- 
tive solution xo > 0, then 


axo — 200820 — 2008? = 0, so (a — 2008) = 2008?, then a — 2008 > 0, 
i.e. a > 2008. Thus, the range of a is —2008 < а < 2008. 


7. (i) has no solution means m > 0; (ii) has exactly one solution means n = 0; 


and (iii) has two solutions means k < 0. Thus m > n > k, the answer is 
(A). 


8. Let 


|к—у|=хж+у—2, (15.32) 
lr y| = 2+2. (15.33) 


From the equation (15.32) we find that x + y — 2 > 0,502 +y 227» 0. 
Then (15.33) becomes x+y = x+2, i.e. у = 2. By substituting back y = 2 
into the first equation, we have |x — 2| = x, i.e. x — 2 = x or x 22 = —z. 
The first one has no solution, and x — 2 = —z has solution x = 1. Thus, 
the solution (x, y) for the original system is (1, 2). 


9. Ву factorization, from the given equation we have (|x| + 3)(|v| — 2) = 0. 
Since |z| + 3 > 3, we have |x| = 2. Therefore the roots are 2 and —2, their 
sum is 0, so the answer is (C). 


10. From 22 + y = 6 we have y = 6 — 2x. By substituting it into the first 
equation, we have 


ж + 8(6 — 2x) + |32 — (6 — 2x)| = 19 < |5x — 6| = 1 + 5x 
<=> 5r 6 = —5x — 1 or 5x — 6 = 1 + 5x (no solution) 


ENS 
10° 2'7 


б—2х=5. 


x 


1 
Thus, the solution is x = 2 у = 5. 


Testing Questions (8-В) 


1. |r— 2y| = 1 = xz = 1 + 2y or x = 2y — 1. By substituting it into the 
second equation, we have 


|1 + 2y| + |y| = 2 
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and 
I2y = 1| + ly] = 2. 
А 1 А 
From |1+2y|+|y| = 2 we obtain y = —1 or y = z Then correspondingly, 


5 
x=l+2y=-lors= z. 


1 
From |2y — 1|4- |y| = 2 we obtain y = 1 or y = = Then correspondingly, 


5 
x=2y—l=lorx —q: Thus, the solutions are 
5 5 
Ta T= z Ta ci 
pce a y-1 zd 
у=. y—-—3 


2. Since Ша — 1| - 11] - 11] - 1| = 0 ==> ||x — 1| 2 1| — 1| = 1 and 
l|z-1|-1|[-1|21—|r-1|-1|22or|lx — 1| — 1| 20 
=> |z- 1|- 1 = +2 or |2- 1|- 1 = 0 = |r- 1|23or —1or1 


Thus, the answer is (A). 


3. We remove the outer absolute value signs by taking squares to both sides of 
the equation, then 


(la| — (a + b))? < (a — |a + b|)’, 
a? — 2|a|(a + b) + (a +b)? < a? — 2a|a + b| + (a + 0)?, 
la|(a +b) > a|a + b| = a z 0, 


a 


soa +b > | |а + b]. Hence a < 0,a +b > 0. Thus, b > —a > 0, the 


la 
answer is (B). 


1 
4. (0) Whena = эб” the equation becomes an identity for all x + 2. When 


1 
а Ф 26" the equation is equivalent to 
z—2—2—52a or 2-2 = —(x – 52а). 


The first equation has no solution. The second equation has the solution 


2a 4-2 
mcos L- = 26а +1. 
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(ii) When a = p?, where p is an odd prime number, then, from the result 
of (1), 

x = 26а + 1 = 26p? + 1. 
If p = 3, then x = 26-9 + 1 = 235 which is composite. 


If p = 3k + 1, then z = 26(3k + 1)? +1 = 234k? + 156k +1 = 
3(78k? + 52k + 9) which is composite also. 


5. Ifa, > а > аз > ад, then we can remove all the absolute value signs, such 
that the system becomes as follows: 


(a1 — a2)z» + (ау — аз)®з + (ay — a4)y4 = 1 (15.34) 
(a1 — a2)z1 + (ag — аз)®з + (ag — a4)z4 = 1 (15.35) 
(ау — a3)z1 + (ag — аз)®о + (аз — a4)z4 = 1 (15.36) 
(ау = a4)z1 + (a2 — a4)&a + (аз — a4)za = 1. (15.37) 


(15.35) — (15.34) yields 


(a1 — ао) — (ау — a2)z» — (ау — ао)®з — (a1 — a2)z4 = 0, 


so 

2] — 22 — T3 — T4 = 0. (15.38) 
Similarly, (15.36) — (15.35) and (15.37) — (15.36), after simplification, 
yield 

£1 + T2 — T3 — T4 = 0 (15.39) 
and 

21 + £2 + £3 — 24 = 0, (15.40) 


respectively. Then (15.39) — (15.38) yields x2 = 0, and (15.40) — (15.39) 
yields x3 = 0. Thus, from (15.40), x1 = тл. 
1 


a1 — a4 


Finally, from (15.37), we obtain zı = £4 = ‚жо = 13 = 0. 


If a2 > aj, we can exchange the subscripts 1 and 2 of a; and а», апа 
exchange the subscripts 1 and 2 of xı and x2. The system does not change. 
Continuing this process if necessary, until we have а > a2 > аз > ад. 


Thus, among a1, a2, аз, ад, if a; is maximum and a; is minimum, then 


1 
Ti = Tj = , andthe other two are zeros. 
Qi — Qj 
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Solutions to Testing Questions 9 


Testing Questions (9-A) 


1. From (n — 2) x 180° < 2007? we have n — 2 < 12, і.е. n < 14. 


When n — 13, the sum of interior angles of convex 13-sided polygon is 
11 x 180° = 1980°, so the maximum value of n is 13. 


2. LetZB = z, then ZAQP = 2r = ZQAP,so ZQPA = 180 — 4x. 


Further, 


КАРС = ZACP = Зк, 
2.2х8ж-+ = 180°, 
MECHN: 


T 7 


Thus, the answer is (A). 


3. From AE = AC and BC = ВЕ, we have 
1 1 
ZAEC = z (180° — ZA) = 90° —-ZA 


B 
Q 
P 
A C 
; A 
2 
1 a'l 
ZBFC = —(180° — ZB) = 90° — = ZB. 
2 2 
F 
Therefore 
ДЕСЕ = 180 —ZAEC-ZBFC E 


1 
= 5(4A+ 2B) = 45°. C B 


4. Let the lengths of the three sides be a, b, c respectively, where a > b > c. 
17 
c € — < 6 leads a — b < c < 5. We classify the triangles according to the 


integral value of c for counting. 
(i) When c = 1, then a+b = 16, a—b = 0, therefore a = b = 8, c= 
11s a solution; 


(ii) When с = 2, then a + b = 15, а — b = 1, therefore a = 8, b= 
7, c= lisa solution; 
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5. 


6. 


8. 
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(iii) When c = 3, then a+b = 14, a—b=0,ora+b= 14, a—b= 2, 
therefore a = b = 7, c= 3anda = 8, b = 6, с = З аге 2 solutions; 
(iv) When c = 4, then a+b = 13, a—b=1,ora+b= 13, a—b = 3, 
therefore a = 7,b = 6,c = 4 anda = 8,b = 5,c = 4 are 2 


solutions; 


(v) When c = 5, thena+b = 12, a—b=0,ora+b=12, a—b — 2, 
therefore a = b = 6, c= 5 and a = 7,b = c = 5 are 2 solutions; 


Thus, there are 8 such triangles in total. 


When b = 2 then а = 1. From a > c — b we have c = b. Since b < c, we 
have no required solution. Thus, the answer is 0. 


Let the lengths of two legs of the right angle be a and b where a = 21, and let 
c be the length of the hypotenuse. Then c? — b? = 21?, i.e. (c— b)(c4- b) = 
3? . 72. To let the sum 21 + b + c be minimum, b + c should be minimum, 
therefore c — b should be maximum. Thus, c — b — 9, c 4- b — 49, i.e. the 


perimeter is 21 4- 49 = 70. 


A 


C E 


Letz = ZBAC = ZBCA,y = ZCBD = ZCDB,z = ZDCE = 


“СЕР, then 


y 


22, g— py = Зт. 


72 + 140? + 2 = 180° — 140° + Az = 180°, 


SX = 


10°, ie. ZEAD = 10°. 


From ZA = 80° and AB = AC, we have ZB = ZC = 50°. Then 


1 
ZCDE = (180° — 50°) = 65°, A 
2 E 
1 
ZFDB = 5(180° — 50°) = 65°, F 
- ZEDF = 180° — 2 x 65° = 50°. 
E 80 x 65° = 50 - i * 


The answer is (C). 
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9. n+(n+1+(n+2) < 100 yields 1 € n < 32. The triangle inequality 


means n + 2 < 2n + 1 which implies n > 2. 
The triangle is acute yields n? + (n + 1)? > 


(n + 2)°, 
2n? + 2n +1 » n? + 4n + 4, n n+l 
n? —2n — 3 » 0, 
(п – 3)(п+1) >20, ..n>3. 
п+ 2 


Thus, there are in total 29 such triangles. 


10. In AABC and ЛАВР, since AB = AC = BD, we have 


1 
5 (180* — ZBAC), 
1 
2 


A 
ZD = 1(180° — ZDBA), 
<. C + ZD = 180° = (ВАС + ZDBA). 
БЗ “ВАС + “РВА = 90°, B E D 
z. LC + ZD = 180° — 45° = 135°, 
C 


the answer is (D). 


Testing Questions (9-B) 


1. Connect CH. As shown in the digram, let the areas of triangles be So, 51, :·· , 54. 
Without loss of genrality we may assume that 50 = 1. Since AH/H E = 3 


BH 5 
yields Sı = 3, then —— = = implies that S2 = 


5 * HD 3 
A 
57 S438 3 ^ 
Since 22 e Sg Ө. = (55 + $3) 
S4 
D 
, ©з _ S3 ЕС 5з 7 
"S4 So 108+ 8з) +% 5 E ара 
53 e Ü E B 


408+ 53) +1 5 
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6 1/9 6 
Hence, 5з = x, 54 = = ЕЕ) = bso S45: =4, S2 +583 +84 = 


4,i.e. CE = BE, the triangle ABC is isosceles. Thus, 
ZC = 


(180° — ZA) = - (180° — 70°) = 55°. 


1 1 

2 2 
The answer is (B). 

2. Since A, and А; С bisect / АВС and ZAC D respectively, ZA = ZAC D— 


ZABC = 2(2А:Ср — ZA, BC) = 2ZA,, therefore ZA, = 5А. 


А, 
А Ао 
В С D 
Similarly, we have Ак+1 = i Ax for k = 1,2,3,4. Hence 
1 1 1 1 1 96° 
A A A A A = =А = LÍ 
dE DES сы cO M, EE 3577 
3. Asshownin the digram, we have ZB — ZC. 
Further, we have A 
ZDEB —ZCFE 
—ZFEB —ZCFE — 60° = ZC — 60°, 
ZADF – ZDEB 
= LADE — ZDEB — 60° = ZB — 60°, D F 
<. LDEB — ZCFE = ZADF —ZDEB, 
1 
ie. LDEB = Z-(ZADF + ZCFE). 
2 B E С 
A 
E E Pe лу BO. E T 


BC BE” 1—а b% 
02 = (1 -aja =a — a? ie.a? +b =a. A 
1 
a? +b? =(=)?, D 
2 
1 1 


а= = = BD, thus ZB = 30°. 
4 2 C E B 
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5. From ZBNA = 180° — 50° — 80° = 50° = ZBAN, 


we have AB = NB. On AC take D such that ZABD = C 
20°, then ZADB = ZDAB = 80°, therefore DB = 

AB = NB. Since ZDBN = 60°, the triangle NDB is 
equilateral, therefore 


ND = Рв = NB, ZMDN = 180? — 80° — 60° = 40°. 
з angleDBM = 60? — 20° = 40° and 


ZDM B = 180? — 60? — 80? = 40°, T 
it follows that DM — DB — DN, therefore SS 3 
ZDMN = ZDNM = 70°, so D S 
ZNMB=ZDMN —ZDMB = 10? — 40° = 30°. 
A B 
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Testing Question (10-A) 


1. From A introduce AE 1 BC at E. Since ZB = ZC = 45°, ZBAE = 
ZCAE = 45°,.. AE = BE = CE. By Pythagoras’ Theorem, BD? + 
CD? = (BE + ED? + (CE – Ер)? 

= BE? - 2BE. DE + DE? 
+СЕ? —2CE- DE + DE? 

= BE? + CE? + 2DE? 

= 2(AE? + DE?) = 2Ар?. 


Eb». 
o 
с 


2. Suppose that ZC = 90°. Let a = BC, b = AC, c= AB. Then 


a+b+ уа +02 = 30, (15.41) 
ab 


15.42 
5 30 (15.42) 
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From (15.42), ab — 60, therefore, from (15.41), 


(a + b)? — 120 = 30 — (a + b), 
(a + b)? — 120 = 900 + (a + b)? — 60(a + b), 
'. (a+b) = 1T. 


By substituting b = 17 — a into ab = 60, it follows that a? — 17a + 
60 = 0, soa = 5,b = 12 ora = 12,0 = 5. By Pythagoras’ Theorem, 
c = V5? + 122 = 169 = 13, i.e. the lengths of three side аге 5,12, 13 
respectively. 


3. From D introduce DE 1 AB at E. By symmetry we have DE = DC and 
AE = AC = 9 ст, and hence ЕВ = бст. Let CD = 32, then BD = 5z, 
therefore 


Thus, DE = CD = > cm. 


4. Connect AE. Let CE = xr cm. From AE = EB = 12 — z cm, 
since AE? = AC? + CE?, 


(12 — 2)? = 6? + 2?, 
144 + z? — 24x = 36 + x°, 
24x = 108, 

"qm = 4.5. 


В 
Thus, СЕ = 4.5 cm. 


1 
5. Suppose that BD and AC intersect at О. From ВЕ = ,PP we have OE — 


1 1 1 
JED jo 155 Let OE = x, then OC = OD = 22. 
From OC? — OE? = CE?, 
D C 
(21)? — £? = 5?, 
25 
2—— О 
x 3 
2 2 
5 АС = в = 20, 203 om. 
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1 
6. From BD? = BC? + DC? = BC? + 14€ we have 


ABD? = 4BC?+ AC? 
= ABC? 4 AB? — BC? 
AB? + 3BC?. 
C D A 
7. By using the Pythagoras’ Theorem, 
AD? + BE? ^ 
= AC? + CD? + СЕ? + BC? F 
= (AC? + BC?) + (CD? + CE?) D 
= AB? + DE?. 
A B 


8. From A introduce AD L BC at D. Then BD = DC. Let BD = DC = х 
and DP; = Ti. 
By Pythagoras’ Theorem, for 1 < ¿ < 100, 


A 
Mi = AP? + ВР, · РС 
= AP +(x- sci) zi) 
= АР? — 12 + 2? 
= AD? +z? = АВ? = 4 
Thus, 
mj + Mə +--+ талоо = 400. В P,D C 


9. From A introduce AG || C B, intersecting the extension of FD at С, 


connect EG. А 
By symmetry, we have DG = DF, AG = 
BF, so ED is the perpendicular bisector of 
FG. Thus, E 
EF? = EG? 
= AE? + AG? 
= АЕ? + BF’. 
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10. Rotate ABPA around B in anti-clockwise direction by 60°, then A — С. 


Let the image of P be M under the rota- 
tion. Then BM = BP,ZMBP = 60°, 
so AMBP is equilateral, ie. MP = 
2/3. From MC = PA = 2 and 


MP? + MC? = 12 + 4 = 4? = PC’, 


soZPMC = 90°, «ВРА = ZBMC = 
150°. Further, PC = 2MC implies 
ZM PC = 30°, so ZBPC = 90°, and 


BC? = PB? + PC? = 12+ 16 = 28, thus, BC = /28 = 24/7. 


Testing Questions  (10-B) 


1. Supposethat OD 1 AB at D, then 


1 
AD=BD= 3 (63 + 33) = 48 (cm), 
therefore M D = 48 — 33 = 15 (cm), hence 
A 
OD? = OB? – BD? d 
— 52? — 48? — 400 (cm?), 
“OM = VOD? + MD? 


B 
= V625 = 25 (ст). 


2. By passing through P introduce the lines QR || BC, where Q and R are on 
AB and DC respectively. Then 


AP? + PC? A D 
= PQ? + AQ? + PR? + CR? ОИ 

= PQ? + RD? + PR? + BQ? Q R 
= (PQ? + BQ?) + (PR? + RD?) 

= PB? + PD?. 


Thus, PD? = PA? + PC? — PB? B C 
= 9 + 25 – 16 = 18, ie. PD = v18. 
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3. Suppose that such a triangle exists. Let a and b be the lengths of the two legs 
of the right angle, where b = Ка for some positive integer К. If c is the 
length of the hypotenuse. By Pythagoras’ Theorem, 


Ê = а? +b = (1+ К?)а?. 


2 
Since (=) = 1 - K? is an integer, so a | c. Let E m, then m? = 1+k?. 
à 


However, k? < 1 + k? < (k +1)? indicates that 1 + k? is not a perfect 
square, a contradiction. 


Thus, there is no a triangle satisfying the required conditions. 
4. The given conditions implies that LBC E = 30°, so CE = 2BE = 12. By 


Pythagoras’ Theorem, CB = VCE? — BE? = V3.6? = 64/3. Simi- 
larly, CD = уЗ. DF = V3(6V3 — 2) = 18 — 23. 


Therefore the area of ABC D is D C 
[ABCD] = 6V3(18 — 2/3) = 1083 — 
36 « 216 — 36 — 180. From 


150 < 108 /3 — 36 «> 1862 < 3(108)2 
«== 34596 < 34992, с 


-. [ABCD] > 150. The answer is (E). A E B 


5. Necessity If AC | BD, О 15 ће point of intersection of AC and BD, then 


AB? + DC? D 

= (АО? + ВО?) + (CO? + DO?) 

= (АО? + РО?) + (ВО? + СО?) А C 
= AD? + ВС?. 


Sufficiency If AB?+CD? = Ар? +ВС?, 

then AB? — АР? = BC? — DC?. 

If Д’, C” be the perpendicular projections of B 
A, C on BD respectively, then 


AB? — AD? = A'B? — A'D? = BD - (A'B — A'D), 
BC? — DC? = BC? — C'D? = BD (BC' — C' D), 
z. ВА — A'D = BC’ — C'D, і.е. А! coincides with C". 


Thus, AC 1 BD. 
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Solutions to Testing Questions 11 


Testing Questions (11-A) 


1. ААВС = 180? — 75° — 60° = 45°, we have АВАС = 45°, 


therefore AD = BD. Since 


A 
ZHBD =90° — ZACB = ZCAD, E 
we have AH BD = ACAD (A.S.), hence 
Нр= Ср, ..ZCHD = 45°. 
В р C 


2. Connect CD and connect PD. 


АР = Вр, Ср = Ср, СА = СВ, 

z. ACDA = ACDB, (S.S.S.), 

7 ZDCB = ZDCA = 30°. 

“ВР = BC, and 

ZDBC = ZDBP, 

-ADBPz ADBC (8.8.8.), 

7 LBPD = ZBCD = 30°. B 


3. Leta — AP, b — AQ. Extend AD to P' such that DP' — PB, then 
RtAPBC = RtAP'DC (S.S.), so CP’ = PC and 


QP’ = (1-0) +(1-а) А О D P 


= 2-—(a+b)=PQ, if 
г ACQP = ACQP' (S.S.S.), Е z 
AZPOQ = ZP'OQ. Р / 
Sto LPCB = ZP'OD, / 
2. LPCP' = ZDCB = 90°, A 


1 
7. ZPCQ = 590° = 45°. B C 


4. BE = CF and BC = CD leads to RtADFC = RtACEB (S.S.), there- 
fore ZCDF = ZBCE which implies CE 1 DF. 
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Extend C E to intersect the extension of 
DA at N. N A D 


"AE = BE and ZNEA = / ВЕС, UM 
SOREAAEN £ RtABEC (S.A), i 


therefore AN = BC = AD, ie. AM E 

is the median on the hypotenuse N D of Ды 
the RAN M D, hence AM = AD = B F C 
AN. 


5. Suppose that the lines AE and BC intersect at F. Then DE = СЕ and 


ZADE = ZFCE,ZAED = ZCEF, 
M ЛАЕР = AFEC (AAS.), 


hence AE — EF. 
Thus, BE is the median on the hy- 
potenuse AF of the ЕЛАВЕ, we have 


BE- EF — AE, 
<. ZDAE = ZEFB = ZEBF = ZBEC. В C F 


Thus, LAEB = ZEBF + ZEFB —2ZDAE implies «АЕС = ZAEC 
+ZBEC = 3ZDAE, i.e. ZDAE = 1 ZABO. 


6. Introduce MP || AC and connect AP. Suppose that CM, AP intersect at 
O, then both triangles OM P and O AC are equilateral. We have 


ZANC = 180? — 80° — 50? = 50°, B 
SU = AC = CN. 
++ ZNCO = 80° — 60° = 20°, 
АМОС = 1(180* — 20°) = 80°, 
+, ZPON = 120° — 80° = 40°. 


-- ZOPN = 180° — 60° — 80° = 40°, M р 
we obtain ON = PN, hence AONM = APNM NA N 
(S.S.S.), i.e. \ 
ZNMC = ZNMO = l/PMO = 30°. VN 
2 A e 


Note: This question is the same as the Testing Question 5 of (9-B). Here 
we prefer the readers solve it again by using the congruence of triangles. 


7. Suppose that the lines AE, BC intersect at F. From AC = BC and that 
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ZFAC = 90? — ZAFC = ZDBC, 


A 
we have RCAF AC = RtADBC (S.A), 
therefore 
E 
AF = BD = 2AE, іе. АЕ = EF. "3 
Thus, RtAAEB = КАРЕВ (S.S), h Lll. 
us, (S.S.), hence ЕС В 


ZABE = ZFBE. 


8. Let E be the midpoint of BC. Connect E A, EP, and introduce EF L AP 
at F. 


By symmetry, 


AABE = AADQ, 
г «ВАЕ = ZDAQ = o,soZPAE = о. 
г ЛАВЕ = AAFE (AS.). 


For REA E F P and RtA ECP, we have 


ЕЕ = BE — EC and EP — EP, 
<. АЕЕР = AECP (S.S), 
- PC = ЕР= 10-8 = 2. 


9. Connect AC, AD and extend СВ to P such that BP = DE. Connect AP. 


In right triangles АРВ and ADE, 
D 
AB — AE, and BP — DE E 
=> AAPB = ЛАРЕ, (S.S.) 
=> AP = AD, CP=BC+DE=CD C 
= AACD = AACP (S.S.S.). 


Therefore the height of A. ACD is equal to 
AB, i.e. 1, 


[ABCDE] = 2[ACD] = 2- ; oper. Rue 


10. When rotating the triangle ADC around A by 60? in anti-clockwise direc- 
tion, the triangle AD’ B is obtained, as shown in the digram below. 
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From AAD'B = AADC we have 


B 
D'B = DC, AD' = AD, ZDAD' = 60°, 
so AAD'D is equilateral. hence D'D — р 
АР. 
Thus, ZDD'B = 150? — 60° = 90°, i.e. 
A.B D'D is the right triangle, and is formed A C 


by the segments AD, BD, CD. 


Testing Questions (11-В) 


1. From the points A, С, E respectively introduce perpendiculars AA;, СС, ЕЕ} 
to £, where A1, C1, E; are on £. 


It is easy to see that 


ЛАА В = АВС\С, 
ACC,D = ADEE. 
S A,B = CC, = DE. 


Since the projection on £ of M 
is the midpoint of A; Ё, so is 
also the midpoint of B D. 


On the other hand, the distance from M to £, is the middle line of the trapez- 
ium AA, E E, so it is 


BD 


1 


1 
2 2 
Thus, the point M is fixed even if C is changing. 


2. From F introduce FH L AB at H. Then ZACF = “АНЕ = 90°, hence 


AACF = ДАНЕ (S.A). 

СЕ = ЕН. C 

-- ZACD = 90° – ZA = ZB, F 
л ДРЕС = ZACD + 17A | 

= /В+ 4А = ZCFE, ' G 

Г СЕ= СЕ = ЕН.‘ CE || FH, i 

©. AECG = AHFB (S.A.). A D H B 
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Thus, CG = FB, so that CF = CG— ЕС = ЕВ – FG = GB. 


3. Let AD be the angle bisector of ZB AC, where AD intersects BC at D. 


From D introduce DE 1 AC, inter- 
secting AC at E. Then 


ZDAC = ХА = ZO, 
- ADEA & ADEO, 
AE = EC = AB 
== ADAE = ADAB (S.AS.) 
== “АВР = ZAED = 90°. 


Thus, AB | BC at B. 


4. Connect BD and extend BC to E such that CE = CD. Connect DE. From 
given conditions triangles ABD and CDE are both equilateral. 


Since ZADB = ZCDE = 60°, we 
have A 


ZADC = 60° + ZBDC = ZBDE. 

- BD = AD,CD = ED, 

г. AADC = ABDE (S.A S.), 

- AC = ВЕ = ВС + СЕ В D 
= BC + CD. su 


5. Inside the region of ZABC introduce the segment BQ, such that ZCBQ — 
ZBAC = 20? and AB = ВО. Connect AQ, CQ. 


Since ZABQ = 80° — 20° = 60°, AABQ 
is equilateral, so AQ — AB — AC. 


v ZCAQ = 60? — 20° = 40°, 

ZAQC = $(180° — 40°) = 70°, 
-.ZBQC = 70° — 60° = 10°. 
VZACP = 30° — 20° = 10° = ZBQC, 
AACP = ABQC (A.S.A.), 

7. AP = BC. 
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Solutions to Testing Questions 12 


Testing Questions (12-A) 


Let P be the midpoint of the diagonal BD. Connect P E, PF. Then, by the 


1. 
midpoint theorem, 


1 1 
РЕ = 5АВ, РЕ = S CB 
Applying triangle inequality to A.P EF, 


we have 


EF « (АВ +CD). 


Let F be the midpoint of AB and E the point of intersection of the lines 


BC and AD, as shown in the diagram 
on the right. From the midpoint theorem, E 
DC || AB and DC = АВ implies x 
D, C are mid points of E A and EB respec- 
tively, so by this theorem again, D, M, F 
are collinear and F, N, C are collinear, and 


2. 


DM = EC = ВС = MF, 
FN = %Ар = ¿DE = NC. 
А — 1 Exod + 


- 4 = AB4 BC CD4 AD = 2(CD + DM + MN + NC) = 21, 


іе. п = 2. 
From C introduce СС || BD such that CG 


intersects the line AF produced at G. Then 
CG = 208 7. 


{СЕС = ZAFB = 90° — 22.5? 
= 67.5°, 
ZCGF = 180° — 45° — 67.5? реч 
= 67.5°, В ЕМ „ОС 


CF = CG = 20E. 
G 


3. 
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4. Let F be the midpoint of AC. Connect DF, EF. From midpoint theorem, 


EF- ТАВ = ЕР, 
2.ёРЕЕ = ЕРЕ. 
ТАЕ = FC and ZADC = 90°, 
г DF = AF = FC, 
24б = ДЕРЕ = S4CEF = 528, | 
ZB = 2/С. BD E C 


л 
sA 
П 
І 
i 


It suffices to show PQ = PR = QR. Connect BP, CQ. Since AABO and 


5. 
AC DO are both equilateral, 


BP L AO, CQ. DO. 


Therefore PR and QR are both medians on 
hypotenuse of right triangles, 


PR=BR=CR=QR. 


By using the midpoint theorem, 


PQ ТАР ЕВС РЕ = QR. 


Thus, A PQR is equilateral. A B 

6. From D introduce DF || BE, intersecting AC at Р. Then 
EF=FC, DF= SBE =2. 

Since ZABO = ZDBO and BO = BO, 


RtAABO = RtADBO (S.A.), 
~. AO =O0D=2, OF = iDF =1, 


hence BO = 3. 
By the Midpoint Theorem and the Pythago- 


ras’ Theorem 
FC = EF = AE = y АО? + ОЕ? = V5, 


AC = ЗАЕ = 3/5, AB = VBO? + AO? = V13, 
BC = 2BD = 2AB = 2/13. 
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7. Extend Вр, СЕ to P,Q respectively such that BD = PD and CE = QE 
Connect C P, AP, BQ, AQ. Then 


BQ =2EM, Я 
V Q 


it suffices to show РС = BQ. Since 
AD, AE are the perpendicular bisectors of 
B P, CQ respectively, 

AP = AB and AC — AQ. 


PC =2DM, 


Further, 


ZPAC = 360° -27DAB —ZBAC 


= 360° —-2/EAC — ZBAC 
= ZBAQ, 


APAC = ABAQ(S.AS.),... PC = BQ. 


Testing Questions (12-В) 


1. The two angles LAH E and ZBGE are on different sides of the line EF, it 
is needed to collect them together for their comparison. Here the midpoint 


theorem plays important role. 


Connect AC, let P be the midpoint of AC. 
Connect PE, PF. By the midpoint theo- 


rem, 
PE || BG, PF || AH, 
ZPFE = ZAHE,ZPEF = ZBGE. 


Thus, the ZAH E and ZBGE are replaced 
by the ZPF E and ZPEF respectively. 


"PE-iBC«iAD- PF, 
AZPFEE«ZPEF 
г САНЕ < ZBGE. 
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2. Let С be the midpoint of BC, then 


GN — BN BG = 5(BM BO) = 50M, 


therefore it suffices to show that GN = CF. Connect EG, CD and let K 
be the point of intersection of CD and 


EG. Connect KH. 
СЕК = КС and ЕН = HN, 
` KH | BM,KH = LGN, 
<. DH = HF. Then 
KH = SCF... GN = CF. 


B 
3. Connect C D. By symmetry, 


AABE = ACBD (SS.), 
-.ZBAE = ZBCD. 
ВМ L AC, ».ZBAE = ZCBN, 
<. ZCBN = ZBCD, ZNBD = ZCDB. 


Let P be the point of intersection of BN and 
CD, then P is the midpoint of CD. Since 
DM || PN, by the midpoint theorem, 


MN = NC. 
4. Let F bethe midpoint of AB. Connect EF. 


: AD || BC, ZB + ZA = 180°, B 
<. LAEB = 180? — 90° = 90°, F 


г. EF = 1AB = BF = AF, a 
<. ZABF = ZEAF = ZEAD, 
ie. EF || AD, 
г. E is the midpoint of C D. 
`7 EF is the middle line of the trapezium, C E D 


therefore i 1 


thus, AB = AD + BC. 
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Solutions to Testing Questions 13 


Testing Questions (13-А) 


1. (С). Since ABEF ~ ABDC and ACEF ~ ACAB, 


EF BF EF CF D 
DC BC’ AB BC’ 
SEF Еа = 1, 
80 20 E 
E eof -. EF = 16. 
16 В Е C 


2. Let PC = x. From APAB ~ ЛАРСА, we have 


PA PC CA P 
PB PA AB 


162 = 9x + 63 


7.2 = 9, the answer is (C). A B 


3. (А). From ZBAD = ZEBF we have RtAABD ~ RtAEBF. Then 
AB ВЕ 

BD EF A 

VAEFC ~ AABC, 


2 


BF 
eI 
FO |” 
‚ ЕЕ FC 


г. EF = ЕС, 


"AB BC 
АВ = 


SEF- a. 


B D F C 
The answer is (A). 
4. (B. АМСМ = ZA = ZB = 45°, АМСМ ~ АСАМ ~ AMBC, 
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. BC 2+ т С 
“getn AC’ 

ВС = АС, 

-. BC? = (x + п)(= + m). 

-2BC? = АВ?, 

<. 2(x+m)(z+n)=(m+z+n)}?. 4 "M 7 N” p 


2 


By simplification, we have z? = m? + n?, therefore the triangle is a right 


triangle, the answer is (B). 


5. (D) Through D introduce DF || B E, intersecting AC at F. 


V AE = 2ЕС, 
by the midpoint theorem, 
EF = ЕС. 

V AC = ЗЕС AE = 2EC, 
J АЕ = 4EF. 
VAADF ~ AAGE, 

AG AE . 
“GD ЕЕ 
г. the answer is (D). 


6. From D introduce DG || BA, intersecting СЕ at С. By the midpoint theo- 
1 
rem, CG — GF and DG — 5ВЕ. 


V ЛАЕЕ ~ ADEG (А.А.А.), А 
AF АЕ 1 FL 
"DG ED 2’ 

. AF = 5DG = LBF, 

`$ АЕ = 1.2 cm, 


2. AB=4AF+AF=5AF=6cm. B D C 


7. Extend DP to meet the extension of CB at F. `` APAD ~ APBF 


PB 
(A.A.A.), ВЕ = AP ‚АР = ; ‚2 = 1, therefore CF = СВ + BF = 3, 


DF = VDC? + СЕ? = 42 + 32 = 5. 


Lecture Notes on Mathematical Olympiad 155 


ПО. cub B e 
|. DF 5" 
СЕ? = CD? — DE? 
256 144 
m 25 25" X 
A poo \В 
СЕ = =. Б 
5 м 
Е 


8. АР | ВС = ZAFE = ZH AF, it suffices to show LACE = ZFAE, 
and for this we show that AACE ~ AF AE below. 


— AE = уда = ү. EF and аа H р 
CE —2a — (3. EA, po 
Besides, ZAEC — ZFEA, ia 
7. AACE ~ ДРАЕ. (5.А.5). р | d 


9. From A introduce AM L BC at M. Then RtA ADM ~ RtACDH, so 


AD _ DM P 
CD DH 
< AABC is aoi, 


7 BD+ DM = BM = СМ = “BD, 
<. DM = ÍBD, so that 

AD X AD M CD _ BD 

BD 2MD 2HD HD’ 

г. AADB ~ ABDH (S.AS.). 

Thus, ZDH B = ZDAB. 


DM 


10. Suppose that the angle bisector of 7A meets BC at D. Since ZDAC = 
ŁZA = ZB, ACAD ~ АСВА (A.A.A.). 


Vom -— 


AB BD 
AD bisects ZA yield — 
Since isects yie AC = Gp’ 
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7 AC? + AB - AC 


BD 
= ВС.Ср(1+ = 
С.С ( + GD 


= ВС(Ср + BD) = BC’. 


Thus, AC? + АВ. AC = BC?. 


Testing Questions  (13-B) 


1. Since the three triangles £4, t2, їз are similar, so the ratios of their correspond- 
ing sides are given by 


PF:DE:PI A 
= VA: V9: v49 H 
-— SY. 
CE: DE: BD=2:3:7, à 
(CE: CB=2: (2 
oi 27 (2+3 +7) ; E 
СРЕГ [ABC] = 2? : 12? 

= 4 : 144. Д 
СРЕ} = 4... [ABC] = 144. В D Е С 


2. ABCD is a rhombus implies that LEAD = ZDCF = “АВС = 60°. 
АВ || CD, LAED = ZCDF, therefore ЛАРЕ ~ ЛАСЕР. 


. AE _ Ср 
"AD CF’ 
AE AC 
It follows that AC = ОР 
VZEAC = ZACF = 120°, 


<. АЕАС ~ ЛАСЕ (S.AS.), 


л АРАС = ZCEA. 


Since ZAC E is shared by triangles EAC апа АМС, ACEA ~ AM AC, 
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CA CM T 
therefore CE" GA’ namely CA^ = СЕ. CM. 


3. From D introduce DG || BE, intersecting AC at G, then 


EG BD 2 A 
GC OD 39 
.AF AE AE EC 
"FD ЕС ЕС EG E 
оа G 
42 8 
From Е introduce EH || AD, 
intersecting BC at H, then pB D H C 
ы fud Er ELLE e dd thus 
HC 4 FE CD DH 33 9’ 


AF BF 15 14 35 
FD FE 8 9 12 


4. We define the angles 1 to 6 as shown in the diagram below. Then 


41 = /2= 23, GO = GB and ZA + A 


Z1 = 90? = 22+ Z6,so Z6 = /4 = Z5 


F 
which implies CE = CO. Since ACOG ~ 


AFOC and FG || AB, we have 


AF BG GO CO CE 
CF CG CG CF CF' 


hence CE — AF. Cc 


5. Since BD | MN, ADOC ~ ANPC, ABOC ~ ARPC, AABO 
~ ЛАМР, AADO ~ AASP. therefore we have 


PN CP PR PM AP PS 
OD CO OB’ OB AO DO 
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Therefore we have 


PN OD PM ОВ A 
PR OB’ PS ОР 

.PN PM Ор OB B 5 
"PR PS OB OD' Nf 
PNPM y C 


ie. PM - PN = PR. PS. M N P Е S 


Solutions To Testing Questions 14 


Testing Questions (14-А) 


BB’. ВС! 
1 = / LE Li LP es 
1. Connect P'C. From AB = BB’, BC’ = 3BC,[BB'C'| = AB BO 
[ABC] = 3. Similarly, 
[AA’B’] | AA’. AB’ E C 
[ABC] | AC.AB  " 
-. [AA]! B'] = 6. 
[CCA] CA ee _ 
[ABC] ^ AC«BC ~ 
-.[CC' А'| = 8. Thus, B 
[4/B'C'] 234-684-1218. 4 B' 


2. Connect PO. Since PE, PF are the heights of A.D PO and A APO, we can 
use the area method for getting the sum of the two heights. Since DO — 
AO, 


3. 


4. 


5. 


Lecture Notes on Mathematical Olympiad 159 


(PE + РЕ). AO = РЕ. DO + РЕ. AO = 2([DPO] + [APO]) 


1 12.5 
= -[ABCD| = £ = 30. 
;[ABCD| = ^ = 30 


1 
ТАО = 5/5? +12? = 65, 


- PE + PF = 806.5 = 9 


13° 
Connect PA, PB, PC. Let the length of the side of A ABC be a, then 


[ABC] = [PAB] + [PBC] — [PAC] 
= z(hia + haa — haa) = За. 


[ABC] = VE a = 4V3, 
г [ABC] = 12/3. 


1 
Let A be area of the A ABC. Then A 5 haa = mb = shee therefore 
2A Ь 2А 2А 
а= = ES ais 
ha’ lige CUI 


Since 2b + c, we have GONE CUTS Le 2 1 + 1 
ince 2b = a + с, = , Le. = А 
hp ha һе һь ha he 
As shown in the digram below, we denote areas of the corresponding triangles 


by $1, S2, 53, $4, S5, Sg respectively. Then BD = 2DC $3 = 295 
8. 


BE 8+3 Sat % 
GE SS 7 56” 
$4 + 55 = 456 


s 84 + 55 = 2(56 + 51) = 256 + 6, 
456 = 256 + 6 => 56 — 3. 

к $4 + 55 ==/12; 
He. BE. a5 
`5 FA S148 

E 
6 
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we have 54 = 255, so 54 = 8, $5 = 4. Thus, 
[ABC] =3+4+8+8 + 44-3 = 30. 


C 


AE 
6. Let BC = a, CA = b, AB = c. By the theorem on angle bisector, ECT v 
а 


b b 
therefore AE = —< ‚ЕС = к Similarly, 
а+ с а+ с 


bc ac 
АЕ = BF = —— 
a+b’ a+b’ A 
ac ab 
BD = —, CD= : 
bcc b+e F E 


[AFE] | AF. AE 
'"[ABC] AB-AC 


Е bc ond B D C 

= (ENSURE Similarly, 
[BDF] |. ac [СЕР] _ а 
[ABC] (bta)(b+c)’ [ABC] (cta)(ct+b) ^ 
[DEF] _ be ca ab 
[ABC] (а + b)\(atce) (b+a)\(b+c) (с+а)(с+ 0) 


b) 


= (а + b)(b + c)(c + а) — be(b + c) — ca(c + a) — ab(a 
(a+ b)(b 4- c)(c -- a) 
2abc 
(a+ b)(b + с)(с+а) 


7. Connect AG, FD. Since AD || BC, we have [ABD] = [ACD], 


-. [EBD] = [EAD] + [ABD] 
= [EAD] + [ACD] = [EAC]. 


On the other hand, Since EF || BD, 


[EBD] = [ЕВР] = [АСС], 


<. [EAC] = [ACG], г. EG || AC. 


Lecture Notes on Mathematical Olympiad 161 


Let ta, ty, t. be the perpendicular distance of P from BC, СА, AB, and 


8. 
ha, hy, he the heights on 
BC,CA, AB, respectively. 
гае о э te 
d ck ш зэ ш GN 
ta [СРЕ] а PN 
ha [CAF] da A E B 
tw d ti; _ 4 
hy d+b h, dac 
d d d 
x + | =1, 
а+а d+b d+c 
d|(b+d)(c+d)+(a+d)(c+d)+(a+d)(b+d)] = (a+d)(b+d)(c+ d), 
d|(ab + bc + ca) + 6(a + b + c) + 27] 
= abc + 3(ab + bc + ca) + 9(a +b + c) + 27, 
л abc = 9(a + b + c) + 54 = 9 x 43 + 54 = 441. 
9. From C introduce CD L AC, intersecting the extension of EF at D. 


-- LABE = ZCED, 
5 RtAABE ~ RtACED, 


fig (Ga) 


AE ` 
Since ZECF = 45° = ZDCF, 
СЕ is the angle bisector of ZDC E, 


therefore the distance from F to CE is equal to that of F to CD, hence 
[CEF] CE _ 2. Thus 


[CDF] CD 


2 2 1 2 1 1 
EF|-—-ICED|—--.- Р Se SS = —. 
а 316 | 3 Jee | 3 4 4 24 
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Testing Questions  (14-B) 


1. Let СЕ, ВЕ intersect DE, AE at P, Q respectively. It suffices to show that 
$4 = 56 + S2. Let hi, ha, hg be the heights of the triangles AB E, FBC, 


1 
and DEC respectively, then h2 = > (hı + ha). Therefore 


1 
Sa + 5 + 51 = 2: BC F D 


1 A 
= 10 + hs)- BC у 


1 1 
= QU BE) + 7hs(2EC) 


= (S6 + S5) + (S2 + $1) 55 51 
= Se + S2 + 55 + $1, 


thus, we have 54 = 56 + So. 


2. Extend AG to P such that АС = СР. Let AP and BC intersect at D, then 
D is the midpoint of BC, and GD — DP — 5 АС. Therefore BGCP is a 


parallelogram, BP = GC = 2. 


=12=СР?, ZGBP = 90°, 
7. BGCP is a rectangle, 

-. [BGC] = 1|BGC P] 

= $.2.2\у/2 = 2V2, 

^. [ABC] = 3[BGC] = 6v2. 


[ABD] [PBD] [ABD]-|PBD] [APB] 


— = = — d 
DC ` [ACD] [PCD] [ACD] - [PCD]  |CPA| ™ 
similarly, 


3. Since 


CE [ВРС] AF [CPA 


EA [APB] FB [BPC] ^ 

BD CE AF F 

"DC EA FB E 
_ [APB] [BPC] [BPC] P 


[CPA] [APB] [APB] 
=F. B D C 
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Note: When P, the point of intersection of three lines, is outside the tri- 
angle ABC, the conclusion is still true, and it can be proven similarly. 

4. Let x = [ВОС], y = [COA], z = [AO B]. Since А ДОС and A A'OC have 
equal altitudes and AAOB and AA’OB so are also, 


AO [AOC] [AOB] B 


OW [АОС] [АОВ] 
[АОС] + AOB] _ y+z 


[800] + [А08] x^ A' 
similarly, Cc 
ВО cx CO £L ГА 
ОВ! y OC z` A В! С 
Thus, 
AO BO CO _(«+y)\(y+z)(2+2) 
ОА! ОВ OC’ — zyz 
u yz? + Ty + 222 + ж? + ту? + уа? + 2xyz 
Е хуг 
-3 анак Фи аж 
т y A 
AO BO CO 
= 2 = 92 + 2 = 94. 
OX OB OC ^ » 
5. From D introduce DL || AC, intersecting PB at Г. `` AP = PD and 
ХАРЕ ~ ADPL, ЛАРЕ € ADPL. 
C 
7 РІ = РЕ =3, BL=LE=6. 
г. D is the midpoint of BC. 
From D introduce DK || AB, where D 
K ison PC, then APDK = APAF, E 
2.РЕ =+СЕ = 5, СР = 15. 
By the formula for median, 
BC?  APD? = 2(PC? + PB?), A F B 


BC? = 2(15? + 92) — 122 = 468, ie. BD? = 117 = 9 + 67 = 
PB? + PD?, therefore PD | PB at P. Hence [BPD] = 5 6:9 = 27. 

Based on the area of ABPD we can get [ABC as follows: 

[CPD] = [BPD] = 27, [BPA] = [BPD] = 27, [APC] = [CPD] = 
27, ». [ABC] = 4- 27 = 108. 
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Solutions To Testing Questions 15 


Testing Questions (15-A) 


1. The two divisions are as follows: 


3a? + 6x +7 
= 3 
За? — 6x? 
6a? — 5a + 6 6 12 и 
6x? — 12x 
7x 4-6 3 6 7 20 
Tx —14 


20 


The quotient is 3z? + 6x + 7, and the remainder is 20. 


2. Use synthetic division to calculate 


(—6z* — 7a? + 82 + 9) + (22 — 1). 


1 
We carry ош (—6z* — 7z? + 84 + 9) + (x 5) first. Then 


1 
= —6 —7 9 
5 0 8 
7 
3 3 L 15 
7 7 
6 3 L 15 5 


Therefore 


623 372 Uy 15 Е 
2 2 4 8” 87 


3. By the factor theorem, 0 = f(—3) = 81 — 81 + 72 + 3k + 11, therefore 


jm 
3 
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4. Since f(—1) — f(—2) — 0, we have a — b — 3 and 2a — b — 9. By solving 
them we have a = 6,b = 3. 


5. From the remainder theorem, we have f(x) = (x — 1)gi(x) +1. 


Let qi(x) = (x — 2)qo(x) +11, then 
f(x) = (x — 1)(@ — 2)qo(x) + ri(x — 1) 1. 
Since f (2) = 2, we have rj + 1 = 2, ie. rı = 1, hence 
f(x) = (x — 1)(z — 2)до(ж) + a. 
Let ф(х) = (x — 3)йз(а) + ra, then 
f(x) = (x — 1)(z — 2)(x — 3)q3(x) + ro(z — 1)(z — 2) + z. 
Since /(3) = 3, we have 2r; + 3 = 3, i.e. r2 = 0. Thus, 
f(x) = (x — D(a — 2)(x — 3)аз(2) + x, 
the remainder of f(x) is x when divided by (x — 1)(a — 2)(2 — 3). 


6. Letz — 541 + 4r = (x — 2)? (a? + aa? + bx + с), then 
x? — 52 + Ат 
= a? + (a — 4)z* + (4+ b — 4a)z? + (4a + c — 4b)z? + (4b — 4c)x + 4c, 


therefore 


а—-4= 0, 44-b—4a = 0, 4a+c—4b=0, 4b —4c — —5q, 4c = dr. 


From them we have orderly a = 4, b = 12, c = 32,q = 16 and r = c = 32. 
Thus, q = 16, r = 32. 


7. Let f(x) = aa? + bx? + cx + d. From assumptions, 
f(z) = (а? —1)qi(x) + 2x — 5 and 


f(z) = (a? — 4)ф(х) — З= + 4. 
Let x = +1, it follows that 


Еа zm, de (15.43) 
-a+b—-c+d = -T. (15.44) 
Let x = +2, it follows that 
8a+4b+2c+d = -—2, (15.45) 


8a--4b—2c--d = 10. (15.46) 
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By (15.43) + (15.44) and (15.45) + (15.46), respectively, we obtain 


bid = —5, (15.47) 
4b+d = 4. (15.48) 


Therefore, (15.48) — (15.47) yields b = 3 and d = —8. By substituting 
back the values of b and d into (15.43) and (15.45), respectively, we obtain 


а+с = 2, (15.49) 
zB (15.50) 


I 


4а + c 
: 5 11 
(15.50) — (15.49) yields a — E. and from (15.49), c — 3 Thus, 


11 
f(z) = -Ža + За? + wr 8. 


8. Let f(x) = a? 4-72? -- 14x 4-8. Since all the coefficients are positive integers, 
f(x) = 0 has negative roots. 8 has negative divisors —1, —2, —4, —8, and 
—1 is not a root, so we check if (2 + 2) is a facor by factor theorem. From 
f(—2) = —8 + 28 — 28+ 8 = 0, x + 2 is a factor. By synthetic division, 
we obtain 


f(x) = (x +2)(a? + 5x + 4). 
It is easy to see that x? + 5x +4 = (x + 1)(x + 4), so 


23 +Tax? +142 +8 = (x+ 1)(x + 2)(x + 4). 


9. The given expression is symmetric in x and y, so it can be expressed in the 
basic symmetric expressions и = x + y and о = zy. Therefore 


z* + y* + (x + у) 

= (22 + y?)? – 2273? + (ж + у) = (и? — w)? – 27? + ut 
= 2u^ — Au?v + 2v? = 2(u* — 2u?v + v?) = 2(u? — v)? 

= 2((x + y)? — zy)? = 2(x? + y? + ху). 


10. The given expression is a cyclic polynomial. Define f(x) = ху(х° — у?) + 
yz(y? — 22) + zx(z? — x”), where у, z are considered as constants, then 


f(y) = yzy? — 27) + zy(2? — y?) = 0, 


so ж — y), (y — 2), (z — x) are three factors. Since the given polynomial 
is homogeneous and has degree 4, the fourth factor is linear homogeneous 
cyclic expression, so must be A(x + y + z). Hence 


zyl? —y^) yz 2) zo 727) = A(et+ytz)(2—y)(y—2) (2-2). 
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Let x —2,y = 12 = 0, then б = —6A, іе. A = —1. Thus, 


хуба? —y^) ys - 2) zx (7 - 2?) = (x+y+z)(x—-y)(y-2)(x-2). 


Testing Questions  (15-B) 


1. From f is a common factor of g and h, f is a common factor of 3g(x) — 
h(x) = Az? — 12x + A = 4(x? — 3x + 1), so, by the factor theorem, 


4(z? — 32 +1) = A(z? + ax + b), 


where А is a constant. By the comparison of the coefficient of z?, A = 4. 
Thus a = —3,b = 1, and f(x) = 22 — 3x + 1. 


2. For f(y) = y — 1, since f(1) = 0, so f(y) has factor y — 1, ie. y” — 1 = 
(y — 1)q(y). Let y = x3, we have 


s^ — 1 = (а5у" -1- (a? — Dala?) = (s — D? ш + Da) 


ie. £? +x + lis a factor of 25" — 1. Therefore 28"! — x = z(z?" — 1) 
and z?P*? — g? = r? (xP — 1) both have the factor x? + 2 + 1 also. Thus, 


gl gO TL APT? = (ymo. ту (др) E (P+? 27) E (ae? be +1) 
has the factor z? + z + 1. 


3. From the given conditions we have f(a) = a, f(b) = b, f(c) = c. Let r(x) 
be the remainder of f(x) when divided by (x — а) (2 — b)(x — c). If r(x) is 
zero polynomial, the conclusion is proven. 

Suppose that r(x) is not the zero polynomial, then its degree is not greater 
than 2, and 


f(x) = (x — a)(z — b)(x — c)a(z) + r(), 


so r(a) — f(a) — a,r(b) — f(b) — b,r(c) — f(c) — c. Thus, the 
polynomial g(x) = r(x) — x has at least three distinct real roots a, b, с, 
although its degree is not greater than 2. Thus, g(x) is equal to 0 identically, 
ie. r(x) = x. 


4. Let the given expression be P(z,y,z). Then P is cyclic. Consider it as a 
polynomial f(x) of x only and let ж = y, then 


fy) = (? — 22)0 +17)(1 yz) + (22 — 02)(1 + yz) +17) = 0, 


168 


5. 
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so (ж — y), and hence (x — y) (y — z)(z — x) are factors of P. The remaining 
factor is a cyclic polynomial of degree three (but it is non-homogeneous). 
So 


Pand = (s—9(v- 2 -2)1AG y 2) 

T B(az?y + у?е + 222) + C(xy? + yz? + za?) 
Dayz + E(x? + y? + 27) + F(xy + yz + zx) 
+G(a+y+2) +H], 


where A, B,C, D, E, F, С, H are the coefficients to be determined. Since 
the highest index of each of x,y,z on the left hand side is 3, so in the 
brackets the power of x,y,z cannot be greater than 1, hence А = В = 
C=E=0. 


The comparison of coefficients of 22у indicates that Н = 0; 
The comparison of coefficients of zy? indicates that С = 1; 
The comparison of coefficients of 232 indicates that F = 0. 
Therefore the right hand side is only (x—y)(y—z)(z—2x)(a+y+z+ Dayz). 
Letting x = 3,y = 2,2 = 1, then 
—24 = —2(6 + 6D) = D =1. 


Thus, the factorization of the given expression is 


(ж — y)(y — z)(z — x)(x + y + z + xyz). 
The given conditions gives that 
f(x) = z? +22? + 3a +2 = g(x) - h(x) + h(x) = h(a)[g(x) + 1]. 
It is easy to find that f(—1) = 0, so f(x) has the factor x + 1. By synthetic 
division, we obtain 


x? +222 + 32 + 2 
= (2+1) (02 +£ + 2) = (2+1) (22 +£ +1) +1] 
= (x? +x +1)(=2+1) + (2+1). 


Since h is not a constant, and its degree is less than that of 0, so it must be а 
linear polynomial, and g is a quadratic polynomial with integer coefficients. 
Thus, 

g(z)—-z?^-z-1, h(r)— 2+1 


satisfy all the requirements. Since the coefficient of z? is 1, and all the 
coefficients of g are integers, the solution is unique. 
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